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SECTION I
I NTRUD UCT I ON

This report describes the app l ication of linear optimum recursive
Filtering to upgrade system timing for a bit -synchronous time divis ion
multi p le access (TDMA ) relay communications system . This system was
previousl y developed at The Ohio State University (OSU) ElectroScience
Labora tory 1:1-6] under contracts with the Rome Air Development Center
(RADC) of the United States Air Force. Greatly increa sed signaling
rates and improved tracking of highl y maneuverabl e airbo rne terminals or
relays are thus achievable while retainin g the advantages of efficiency ,
flexibility , and anti-jam protection capabilities inherent in this system .

In Sec ti on II bac kground information relative to the RADC/OSU TDMA
system is given , and in Section III a brief summa ry of the pertinent
results of basic Kalman filter theory [7,8] are presented as a preface
to the anal yses of Sec ti ons IV and V .

In Section IV , a two-dimensiona l model for the clock loop timing
filter is first developed and transient and steady state solutions are
obtained followi ng essentially the method employed by Friedland [9]. A
three-dimensional augmented model is then developed empl oying an
accel eration correlation coefficient similar to that used by Singer and
Behnke [10] for whitening the maneuver noise. Closed-form steady state ,
as well as transient solu tions , for this model are obtained . Trans ient
response is then studied utilizing computer iteration techniques , and
results of Monte Carlo simulation studies to check the validity of the
models an d ana ly t i ca l  resul ts are presente d. Finally, the problem of
up-link synchronization is studied using a method of open loop cor-
rec t ions from the clock loo p to the ran gi n g lo op to au gmen t the close d loo p
transm it t iming correc ti ons. Ex press ions for the clock loop and rang ing
loop timing errors are derived and closed-form steady-state solutions
for the transmit timing error variances for a system containing a maneuver-
in g relay and for a system containing maneuvering terminals are obta i ned
and evalua ted .

Section V pres en ts a more com p l ete “second generation ’ anal ys i s of
up—link timing utilizing a modifie d open 1oop feedback scheme to achieve
somewhat l ower error variance under receiver noise lim ited (as opposed to
maneuver limi ted) conditions . This analysis al so features retention of
addi tional cross correlation terr~s, neglected in the previous analysis ,
which shoul d lead to more accurate an~.1ytic al results at a cost of increased
complex i ty of the resulting expressi ons md a correspondin g increase in
computational effort required to obta in nurie ric al data .

Applications of these results to syst~i dcsinn are considered in
Section VI. The form of the steady state solutions of Sections IV and
V , although mathematicall y conci se , are not particularly amenable to
direct application in system design; hence alternative fort’~s are

•
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developed and a.series of system design curves gi v i ng system parameters
as a funct ion of known , or spec i f ied , si gnal and vehicle maneuverability
statistics and required timing accuracy are presented. Comparisons
between the approximate solutions for up -link timing of Section IV and
the more exac t so lu t i ons of Section V are also given .

In Sec tion V II , typical examp les of computer simula ti on results are
gi ven showin g system trans ient response and steady state per formance
for dif ferent si gnal and noise parameters , and a compa rison of steady
state error variance with analytical resul ts is gi ven . Conclusions
and recommendat ions are summari zed in Section V III .
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SECTIO N II
E3AC K G RO U ND

Techn i ques for implementing time division multiple access (TDMA )
satel l i te commun i ca tions systems , particularly those containing a
large numbe r of small non—stationary terminals , e.g., aircraft , have
previously been developed and successfully demonstrated , both theoreti-
call y and experimentally, using prototype modems and a satellite
simulator with adaptive spatial processor develope d and constructed at
this laboratory [1—6].

The s i gn a l i n g forma t for this system is shown in Figure 1 [5].
The time continuum is divided into non-overlapping i ntervals or slo ts ,
each of wh ich is (normally) allocated for the rel aying of signal from
no more than one terminal at a time. The slots are defi ned wi th res pec t
to the time base of the network clock signal (NCS) present on the
satelli te down-link once each subframe. At each user terminal the
time—base of a locally—generated signa l (clock) is aligned with the
t ime base of the rece i ved NCS to es tab l ish a local rece i ve clock. In
turn , a transmit cl oc k is timed so that pulses transmitted by the terminal
occu py ass i gned t i me slo ts on arr i v i ng at the satell i te. Proper trans-
mit clock timing is obtained , during the link-range slots , by estimating
the error i n a r r iva l  ti me of pulses transmitted by the terminal as they
are rec2ived on the down—link relative to the local receive clock.

The princi pal features of th i s sys tem are:

(1) Only one signal is incident on the satellite at a time so
that small terminals do not have to compete for down-link power
w it h much larger ground base d terminals which may also be us i ng
the system .

(2) A flexibl e demand ass ignment signaling format permits
efficient use of channel capaci ty for a lar ge number of both small
and large terminals at various data rates compatibl e with their
needs and capabilities .

(3) Differen tial detection s used (with ~~ or 4q DPSK
modulation) to minimize signal coherence requirements so that an
adaptive spatial processor (adap tive array antenna) can be ef-
fectively used at the satellite for up -li nk protection from
interference and jamming.

(4) Bit synchronous timin g of both up— link and down-link
signals relative to a system clock at the satellit e , and the use
of differential detection , essentiall y e l i m i nate the nee d for
preambl es and guard space between data bursts thus permitting ef-
ficient signal swi tching and adaptive array operation for small as
well as large data burs ts.
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Figure 1 . The TDMA modem s i gnaling forma ts.
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A moderate amount of spectrum spreading, via a sui table PH code ,
is used as a basis for identification of desired signals for spatial
processing and also provides addi Li onal processing gain for inter-
ference reduction.

To obtain reliable operation the timing of all received signals
relative to the receive clock must he accuratel y maintained at each
term i nal . Practical timing error limits are about 5 percent of the
spectrum spreading code chip width to avoid a signifi cant increase in
error rate [1]. In the present system this requires accurate control
of the transmit timing as well as the receive clock tim in g relative to
the system clock at the satellite and is accomplished by means of two
sampled data delay lo’ k loops at each terminal. The first loop phase
locks the local receive clock to timing pulses received on the down -link
from the sa te l l i te once each su bfrarne. These timing pulses nay either
originate at the satellite - which is especially advantageous when an
adaptive array is employed at the satellite , or may be relayed by the
satellite from a designated network contro l terminal. With the
recei ve clock tim ing thus es tabli she d the term i nal is able to rece i ve
all properly-timed transmitted signals relayed by the satellite. The
second loop then adjusts the terminal transmit clock so tha t a ranging
pulse transmitted by the term inal once each frame i s rece i ve d on the
down-link properly synchronized with the rec ei ve clock ti m i ng p rev i ousl y
established. These del ay lock loops operate linearly provided that the
timing error does not exceed ±1/2 chip. Separate coarse ranging (search)
circuits (not considered in this report) are used for initial acquisition ,
or after loss of lock , to br ing the error within this operating range.

The proto type system , des ig ned to demons tra te conce pt s and
feasibil ity and to obtain experimenta l data compatible with the small
terminal concept , emp loyed a relativel y low code chi p rate of 175.2 1Kbps
for the lower rate format, and 1.4016 Mbps for the h i gher rate forma t.
The required timing accuracy for this system , for both transm i t and
receive clock tim i ng, was read i ly achieve d us i ng simple avera g ing
filters (no memory) in the delay lock loops . As the data rate and/or
the term inal maneuvera bi li ty is increased , however , absolu te timing accuracy
must also increa se in order to retain the same relat ive accuracy and
corresponding error rate. The techni ques develo ped in this report should
provide timing accuracy sufficien t for similar systems operating at 40
Mbit/s , or greater , with highly maneuverable terminals or relays having
accel erations on the order of 5 g.

The method of improving timing accuracy developed in this report
empl oys an optimum linear recursive (Kalman) filter in the terminal
receive clock loop to derive an optimum estimate of the system timing,
T, (time delay proportional to satellite range ) from the no i se-corrupted
clock pulses received from the satellite by the maneuvering terminal.
Optimum estimates of delay rate t (velocity) and T (acceleration) are

5
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also derived by this filter and are fed as open loop corrections to
the transmit timing loop in a manner similar to that used , for T only,
in the original system [1]. Thus the prediction capability of the
cloc k loop filter is utilized in the ranging (transmit timing) loop as
well. (Unfortunately, timing errors due to clock oscillator drift are
essentially doubl ed when the open loop correction scheme is used .)

Note that to prevent instabi lit ” , the rate at which new range
estimates can be derived by the closed loop ranging loop is limi ted
by the round trip path delay be tween the terninal and the rela y
(approximately 0.25 sec . for a synchronous satellite rel ay), while no
such restriction applies to the system clock pulse rate and terminal
clock loop. Hence for a satellite communications system these open loop
correc tions can be made at a much higher rate (severa l times per
subfra me ) than can the closed loop range estimates derived by the ranging
loop (once per frame).

In effect then , the clock loop provides the tracking capability
for transmit timing as wel l as receive timi ng, except for a constant
range offset. Only this constant offset , pl us corrections for in-
accuracies in the open loop inputs and for oscillator drift needs to
be determined by the ranging loop, and this can be done effectively at
a slowe r rate with a less sophisticated circuit. For this reason , in
the present anal ys i s , the original averag ing fi l ter is retained in
the ran gi ng loo p . However , some i mprovement in transm it tim i ng accurac y
should be achievable by applying an optimum filter in this loop also to
obtain a better estimate of the offset and drift parameters and this may
be the subject of future studies .

L_ 
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SECTION III
THE BASIC OPTIMUM LINEAR RECURSIVE (KALMAN)FILTER

The basic theory of the discrete optimum linear recursive fi l ter,
of ten called the Ka lman fi lter , i s well known and adequatel y documen ted
elsewhere (see, for example , Sage and Melsa [7] and Nahi [8]) and
w i ll not be repea ted here . However , some per ti nent resul ts an d im-
p l ications of the bas i c analys i s wh i ch are appl i cab le to the model
develo pment and su bse quen t anal ytica l solut i ons of Sec tio n s IV and V
are summar i ze d here for convenience.

A convenient form of the basic Kalnan filter for appl i cation to
the present problem is given in Figure 2. The purpose of th i s f i lter

MEASUREMENT INNOVATION KALMA N
GAIN A FILTERED

_i..j K~ 
~~~~~ t~ ) 

Z n TTIMA
~~

H Z ~ 
UNIT

DELAY
PREDICTE D MEASUREMENT

J H ~~~~ _

PREDICTED
ESTIMAT E

I-~ 9ure 2. Basic Ka lman fi l ter.

is to deri ve an optimum filtered estimate Z~ of the system state vector
Z~ following arrival of each noise-corrupted measured data point Xn.
As shown in Figure 2, this ~s accomplished by sumaing two components:
(1) the predicted estimate Z~, and (2) the innovation~~n mu ltiplied by
the Kalman gain vector Kn.

The predicted estimate 
~~~~

, which provides the memory of “learned”
component~of each new estimate , is derived from the previous fi l tered
estimate ~~~ via the transition matrix ‘~~. Thus the predicted estima te
is up—dated and recycled wi th the receipt of every data point so that ,
at any given time , this estimate contains information , with optimum
weighting, on all previous data points collected up to that time .

7
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The innovation 
~~ 

contains the new information supplied by the
current measured data point and is obta ined by subtracting , from this
measured data , the pred icted measurement which is the best estimate
of what the measurement should have been , based on all previous data
col lected to date. ~The predicted measurement is obtained from the
predicted estimate Zn via the 11—matri x which a l lows for the fact that
the measurement var iables X~ nay differ from the system state var iables
Zn. The innovation therefore contains only the random part (white noise)
of the measured data and consists of (for the present example ) the
random component of the effects of terminal maneuvers and the measure -
ment noise.

The Kalman gain vecto r provides the optimum weighting between the
innovation and the predicted estimate and normally varies (decreases )
wi th  each subsequent data 1~o int after initial turn-on or acquisi t ion
until stead y state is reached a symptoti cal ly , at which ti~ie the
adaptive Kalman filter is equivalent to the steady state Wiener filter.
The Kalman gain vector is computed for each specifi c model (see Section
IV), and its value , for each iteration n , depends upon the prior
stat is t ics assumed ; i.e., the measure ment noise ari d terminal maneuver
noise s tat is t ics which must be supp l ied externally. Flote that the gain in
no way depends upon the measured data (a common misconception per-
petrated by the often used tern - adaptive filter) and hence cdn be
pre-computed and stored if desired , rather than being computed i terat ively
concurrent with the measure ments. However , if , in addit ion to the basic
Kalman f i lter , a means is provided for measuring and upgrading the
prior statistics as a function of time , these may be used in the
iterative gain calculations to provide true adaptability .

The error variances , i.e., the variance of the difference between
the actual value of each state var iable and i ts estimated value , are
also normally calculated (since these are used in calculat ing the gains )
and provide a measure of f i l ter performance . These calculated variances ,
however , like the gain calculations , are accurate and optimum only to
the extent that the actual measurement noise and terminal maneuver
stat ist ics agree wi th the prior s ta t is t ics  assumed for the calculat ion
and , of course , to the degree that the model accurately describes the
actual physical process. Hence computer simulation or actual measure-
ments are highly desirable in addition to the f i l ter analysis to val idate
the resul ts obt a ined .

As is eviden t from Figure 2, increasing the Kalna n gain vector
increases the relat ive input from the current measurement and hence
increases the capabil i ty of the f i l ter to track a maneuvering terminal.
It also increases the contribution from measurement noise , however ,
and so it is not surprising that the optimum gain setting is found to
depend upon the ratio o a/~~

, where 
~a and .

~~~ are the standard deviations
of tile maneuver “noise ” and measurement noise , respectively. Increasing
this ratio increases the optimum gain sett ing, and conversely. In

8
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particular , if we let the maneuver s ta t i s t i cs  (
~a) 

approach zero (i .e.,
stationary terminals and relay ) then the gain vector asymptotical ly
approache s zero with increasin g time (since the state vector becomes
completely predictable , and hence the gain can be reduced to zero
to reduce the input no i se), and the fi l ter becomes decoupled from the
measurement. This situation must obviously be avoided since , if this
ha pp ens , even the smallest error in the modeling and/or measurement
process will lead to very large errors in the predictions even thoug h
the predicted error variance will approach zero along with the gain , a
condition known as divergence . This problem is easily avoided by
assuming a sufficientl y large value of 

~a 
in the modelling process.

Then if the actual maneuver statistics fall be l ow this value the
fi l ter performance , althoug h not truly optimum , will generally be
adequate , and divergence will not occur.

The principal equations associated wi th the basic Kalman fi lter of
Figure 2 are summarized below for convenience .

Z 2 + K0 1n (filtered estimate ) (1)

L~ (predicted est imate) (2)

= X~ - H 2n (innovation) (3)

whe re Zn is the system state vector modele d recursively as

(4 )

and the measurement is given by

X = H Zn + 

~~ 
(5)

In the above equations , 
~n and 

~ 
are w hit e mane u ver no i se an d

measuremen t no i se , respectively. The state vector Zn, state transition
matrix ~~, and the matrices H and r are model dependent and are developed
for two specific models in the following section , where expressions for
the Kalman gain vector Kn and the associated error covariance matr ices
are also derived .

9
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SECTION IV
MODELING OF A KALMAN FILTER IN TDMA TIM ING SYSTEMS

A . Introduction

The terminal receive clock timing system of the TDMA modems
developed at The Ohio State University ElectroScience Laboratory
employs a sampled data del ay lock loop (SOOLL) as shown in Figure 3a
[1]. When in lock , the sampled error voltage versus timing error
characteristic (E5 vs e) is l i near for  e~ < t~/2 where t~ is the chi p
length of the PH code. This sets an upper limi t on the timing error
for linear operation of the SDDLL at half the chip len gth. The discrete
loop filter in the SDDLL is a simple averaging fi l ter in which N=4
samples are currently averaged to obtain an output error voltage sample
E5 which then is used to adjust the clock rate to reduce the error. A
simpli f ied model of the SDDLL including the averaging f i l ter is given
in Figure 3b .

Values of the cl ip length ‘~ and the timing correction period Tf
(4/subframe rate) for the current system in which 4 pulses are averaged
are 5.7 ~s and 107 ms , respectivel y, for the lowe r rate form at; an d
0.71 ~sec and 13 .3 ms , respectively, for t he hi gher ra te forma t giving
a ra ti o Tf/~ = 1. 9 . l0~ for both data formats. If we allow a timing
erro r of .05A for acceptable performance (to avoid a signifi cant increase
in error rate) then a range rate up to 2.6 ~isec/sec (2~l 8O0 mi /hr relat ive
term inal velocity -assuming no oscillator drift or noise contributions)
could be accommodated. In the ranging (transmit timing) 1oop, however ,
where the minimum correction time is limi ted by the round trip path delay ,
the correc ti on time used is TF = frame ra te = 0.427 sec . yiel d ing, for
the same error crit er i a as above , a maximum ran ge ra te of 0.67 i.isec/sec
(450 mi/hr) for the l ower rate format and 0.084 psec/sec (56 mi/hr.)
for the hig her rate forma t. Thus the nee d for open loo p corre ct i ons
to the ranging 1oop from the receive clock loop (currently provided by the
cross strap — see Section II) is clearly indicated when maneuvering
term i nals an d hig h code ch ip rates are involved.

We now des i re to increase the co de chip rate to app rox ima tely
40 Mbps , or greater , from the curren t values of 175 Kbp s an d 1.4 Mbps
for the lower and hig her rate formats , respectively, and to allow for
track ing of rapidly maneuvering terminals. For a relative timing error
of O.05A an absolute timing accuracy on the order of 1 nsec will now
be requ i red.

In the absence of measurement noise , the required tracking accuracy
c uld be achieved simply by scaling the sampling interval by the same
ratio as the chip length , i .e. , retaining the same TOMA forma t as
before , as measure d in ch ip s , since the relative timing error due to

10
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Figure 3. The sampled data delay-lock loop (SDDLL).
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vehic le maneuvers depends on the ratio ff/A . The relative error due to
measurement noise , however , is (fer E/ M 0 10 , U0 = constant) approxi-
inately proportion al to (l/E)~

/2 (see Equation (4~) of Reference 1),
where E is the t u r i n g  pulse energy and N~ i s the measurement noise
density ; and E can be held constant , with decreased 1 , onl y by increasing
the received power Pr and /or increasing the numbe r of chi ps M per
timing pulse (i .e., usi nq a less efficient T[)MA format). Thus the need
for a more efficient t il ing system for hi gher data rate TDMA systems
of t h i s  type is e v i d e n t . As mentioned earlier in Section II this is
accomplished by incorporating an optimum linear (Kalman ) filter into
the receive cloc k tim ing loop and usi ro; the prediction and tracking
capabilities of this fi l ter also , by open loop coupling, in the
ran g ing (trans mit timing) loop. A ppropriate models for this fi l ter
will now be derived.

B. Discrete Kalman Filter for Clock Loop Timing

A two -dimensional model of the ~alnian filter applicable to the
clock l oop timing SDDLL is developed in this section .

Let T be the delay of the timing si gnal (proportional to the range
between the terminal and the satellite), T be the de lay rate and I
the ra te of chan ge of the delay rate , and let the obse rva t ion  i n t e r v a l
be Tf .  The observation is corrupted by a Gaussian white noise i,, i.e. ,

X(n) = 1(n) 1- 
~ (n )  (6)

where n represents the nth sample , and the expected values of the measure -
r e n t  noise are given by

E[~ ( n) ]  = 0 (7)

E[~
2(n)] = -

~~~~ 
= const . (8)

= 0 (nft) . (9)

The relative motion between the term inal and the satellite can be ap—
proximately described by

T(n+l) = T(n) + T(n)Tf 
+ ~~T(n)T~ (10)

~(n+l) = t(n) + T(n) T~ . (11)

12
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If 1(n) can be modeled by white noise , then

E[T(n)] = 0 (12)

E[T 2(n)] = = const. (13)

E[1(n)T(k)] = 0 (n~k) . (14)

Writing (10), (11) and (6) in niatri x form , we have

Z(n+l) = 
~ Z(n) + FT(n) (15)

where

rT(n)1
Z(n) = I (16)

LJ(n)J

r~ f~i (17)
0 1

rT~/21
(18)

L f J
and

X(n) = H Z(n) + ~(n) ( 19 )

where

H = [1 0]. (20)

For the specific appl icat lon ..of the Kalman filter in the SDDLL , it
is more convenient to write T, T, 1, o~ and c

~a in units of the chip
length t~. The observa ti on interval I~ , which is controlled by the
local clock , is not constant because of the non-zero delay rate 1.
However , as shown below , the observation interv al I~ in (10) and (11)
can be replaced by its constant nomina l value with negligible error.
Assume that the code frequency of the timing signal is 40~MHz . Then
the chi p length L is equal to 25 nsec. Also assume that I = 3 ~-sec/sec =

120 s/sec (about three times the speed of sound) and the nomin al ob-
serva tion interval = .01 sec. The change in the obse rvation interval from

13
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one observation to the next is only 30 nsec. If this change in the
observation interval is include d in (10) and (11), it will only con-
tribLte ¶ x 30 nsec = 3.6 x 10-6 L~, which is negligible. There fore, the
observa ti on i nterval Tf w i ll be cons i dered cons tant .

Following standard procedures for the Ka l nian filter (see Chapter
III ) we obtain the optimum estimate of Z(n),

2(n) = ~(n) + K(n) [X(n) - H ~(n)] (21)

with

~(n) = ~ Z(n-l) (22)

where

r~(n)1Z(n~ = I -‘ (23)
Lt(n)J

is the optimum estimate of 2(n) after the measurement X(n) is processed
(i.e. , the filtered estimate), and

fl~(n)1
~(n) 

= I (24)
~~~n)J

is the optimum estimate of Z ( n )  before the measurement X (n) is processed
(the predicted estimate). The gain matrix K(n) is given by

K(n) = ~(n) H
T[H ~(n) HT 

+ R] ’ (25)

wh ere

R = (26)

and

~(n) = E[(~ (n) - Z(n))(~ (n) - Z(n))T] (27)

is the covariance matrix of estimation error prior to processing X(n).
The covariance matrix I~(n) is computed recursively using the variance
equatio n

[~(n+l ) = ;~ (n)~T +rQrT (28)

14
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P(n) = [I—~ (n) II] P (n) (29)

where

P(n) = [.[(Z(n) - Z(n))(Z(n) - Z ( n )) T
] (30)

is the covariance m atrix Hf esti m ation error after processing X(n),

(31 )

is the variance of the random acc eleration , and superscript I indicat es
the transpose of the m atrix . Using the m atrix inversion l emma [7], we
obtain from (29),

P~ (rr ) = IH (n) + HTR ’ H. (3 2)
Multi p l ying (32) by P(n)~ iP (n), vie obtain

~(n) =P( n) + P(n)H TR~ H ~(n). (33)

By comparing the above equation with (29). we have

K(n) P(n) HT R 1 
. (34)

The initial estimation of Z (after two data points have been received)
is given by

1
Z(2) = J I (35)I ~~

— (x(2)—X(l))
Lf

where the values of X(l) and X(2) are obtained imp licitl y (outside the
SEJOLL) from the 1st and 2nd range delay measurements , res pect ive ly. Then
the initia l value of the Covariance matrix of estimation error is

r2 2
P(2) = 1 I . (36)

L~,T f o~ T~ + 2G~/T~J

15
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The transient behavior is best studied using numerical methods
and will be given in section U. The steady-state behavior is given in
the following.

In the steady state , (28) and (29), using (25) reduce to

~ ~~~~~~~~~ (37)

and
~~ “

~ T ‘~ T 1 ~P = P — P H [HP1l +R] H P . (38)

Combining (37) and (38),

l~~ T - 1 T  ~~~~ ~~T -l~~~ (p-rQr )(~ 
) = P-PH [UPH +R] HP. (39)

Let

‘ I~ ~ I (40)

[~ 2~~~~ j

then

H~H
T÷R= [l 0] 

~J [] + = + (41)

~H
T[H~HT+R]H~ = 

~~~~ 
[1 

~J [1 [1 0] = 

~~~~ L1~2
(42)

and

= 
1 
2 r 1

~~~~~~~~~~~~ 

P1 P3 2 ~~3~~J 
. (43)

We also have

16
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~‘ L~ J (44)

rT ,4 T~/2

rQr T = [T~/2 Tf
] °a = °a 2LTf~ LT~/2 If (45)

2 4 2 3G T f 3a Tf
2

~_ rQ r T

L~2 - 
~~~~ 

- ~~~~~ T~ — 
(46)

and

T~l
-2
~2
If
+
~3
I
~ 

- P~-P3I~ +

~~~(p.rQr
T)(~~~)T 

~ 2 3

L~2~3Tf + 
o T f T~ 

—
.

(47)

On equating both sides of (39),

~~~~~~~~~~~~~~~~ = 

~l~~
/(
~ l +o

~
) (48)

~2 3 Tf~~a
1f’2 ~~~~~~~~~~ 

(49)

and

P3 - c T~ = (50)

The al gebraic manipulations for determining 
~l’ ~2 

an d P3 are as
follows :

17 
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Def i ne

P1A = — ~ (51)

P28 =  I (52)
~~°a f

and

40
—r - -~--~
°a ‘ f

Then from (50):

A =  B2~~~l. (54)

T
(48) x + (49) x 

4

a 4 r, 4 
- A B 4

r

From (55):

B - r [~
2 4( l A) / 21

~ L 2+A (56)

Substituting (56) into (54),

r4A4~8r2A 3+ (l5~72r
2)A 2+(32~128r2)A+ (l 6..64r2) = 0 (57)

or

[r2A2-4(l+2r)A-4(l÷2r) ][r2A2-4(l-2r)A-4(l~2r)] = 0. (58)

Therefore

A = ± ~~~~~~
(V1+

2
2 r _ l )  

(59)

18
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or

A = ± ~~~~~~~~~~~~ (l 2 r  ± 
~~ (60)

The positive si gn options must be chosen sinc~ ,~~ -, 0 ~nd , the secon d solu-tion (60) must be discarded because it makes P1p 3 - < 0. There fore :

- Vi~~ (~ T~ + 1) 2
- 

2 (6
r

Finally we obtain

P1 
= _ _ _ _ _ _ _ _ _ _ _

2 2r

= 
2r 

1)2 
(63)

~~a f

= 
~~ (v~~~ + 1) (64)0aTf

where

4.~
(65)O I f

The ratio r is a dimensionless parameter which could be regarded as a
form of no i se to s ignal rat io.

From (38)

_ _ _ _  

r~1 ~2 1 1 l  ~21
= 

1 ~~ 
~ L ~2 ~3 + k J (66)

19 
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where

‘~~ “~D = P1 P3-P2 . (67)

Therefore

p
1 - 

/l +2r~ (,~~~~~~ 
- fl2

2 2 (68)
r

2 — (~ l -i-2r - 1)
a T f 

- 

2r

= 
~~~ 

(/r~~ - 1) . (70)

Then from (34)

[
~T 1 rP 1/~ 1

K = 
I = P HTR 1 

= . (71)

LKfJ L~2’~~
Therefore the steady state gain factors are given by

- ~~~~~~~~~~~~ 
(~~~~~~~ 

- 1)2

2 (7 2)
r

and

K - 2(vT-~~~ 1)2
T Tfr

2 (7)

Graphs of Pl /a~~
KT, 

~l’°~ 
an d K~-Tf as functions of r are shown in Figure 4.

It is seen th~t the normalized timing error variance just after processin g
a data point Pi/a~ i s always less than 1, wh i le the norma lized t im i ngerror variance ju~t prior to processing a da ta point 1i1i0 2~ can be l a r ger
or smaller than 1 . The cross over point occurs at r ~ 16 . Therefore if
the observa tion interva l i s c hosen to be

20
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Fi gure 4. Steady-state gains and error variances versus r
for the two-dimensional Kalman filter .
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Tf 5
~~~
ka (74)

then the timing error can be kept bel ow the inherent measurement error
at all tim es.

A simplified version of the SDDLL including a discrete Kalnian filter
is shown in Fi gure 5. Referring to Figures 3 and 5, k1 is the pro-

~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 5. Model of the SDDL L wi th a di scre te Kalman fi lter.

portionality constant of the sampled error voltage versus timing error
when c i  < L~/2, i.e.,

E5 
= k1 c . (75)

The time delay e TDS accounts for the finite response time of the band—
pass filter in the SDDLL. The integrator k2/5 is the digital voltage
con trolled clock. The sampler If/N is provided because time corrections
can onT y be made discretely. The value of N shoul d be lar ge enough
that t imin g error due to the ran ge ra te w i l l  be a small  frac ti on of
the ch i p leng th an d the cloc k w i ll rema i n locke d.

The sam plers labeled Tf i n Fi gure 5 close momentar i ly once per samp le
per iod at t imes t = nT f+TD where nT f indicates the arrival times of the
samp les T , w hi le the sampler labele d T f /N close s N ti mes per sam p l e
period (evenly spaced) with the initial closure occurring at t = nTf + T0
+ Tf/2n .

The filter output , Tc in Fi gure 5, provides an optimum timing
estimate (within limits established by the discrete corrections
Tf/ N) a t a l l  ti mes , This estimate varies from the predicted estimate
Tn (with variance 

~n 
— the worst case) just pri or to proce~sing the

nth data point to the filtered estimate T0 (with variance 
~n 

the
best case) just after the nth data point has been processed .

22
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If the bandwidth of the band-pass filter is optimum [1], i.e.,

B IF = l.37/M~ (76)
opt

where M~ i s the length of the PM co de , then

- 1 v.215 + c 1.476 1~
2

( E / N 0 )~j

where

12 for square-law detection
c = ~ (78)

for l i nea r  detect i on

E = PrME~ 
= input pulse energy (joules)

= input power (watts)

and

N0 
= one—sided input noise power spectra l density (watts per Hertz).

To obtain the standa rd deviation of the maneuver noise °a’ we
assume that the probabi li ty densi ty of T is as shown in Figure 6 [10].

P0

—A 1. 0 A T
Figure 6. Probability density of T.

The quantity AT in this figure might be considered as the maximum
“path  dela y accelera ti on ” given by

23
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AT 
= A/c (sec /sec 2) (79)

where

A = terminal acceleration (m/sec2) rela ti ve to the sat ell i te , and
c = velocity of light (m/sec).

Therefore , since the mean value E(T) is zero by symmetry , the var i ance
is given by

= E(Y~) = J ~2 ~~~ d~ = (1 + 
~~~~~ 

(sec 2) (80)

where p(T) is the probability density function of Figure 6. Ihe valu e of
~
1a thus obtained is taken to be a known constant in the modeling of the
Ka lma n fi lter.

If o~ or aa va ry widely with time in a given app lication , separate
measurements (or estimates ) of a

~/~a 
could be made periodically and used

in place of the calculated constants to obtain improved fi l ter performance .

C. Augmen ted Discrete Kalma n Filte r

In the previous section the maneuver noise T is considered to
be wh i te. Howev er, in a TDMA modem a typical sampling period If
is only about .01 sec wh i ch i s much shor ter than the time requi red
for execut i ng a manuever , hence the maneuver at one sam p l i n g
per i od w ill be cor rela ted with the maneuver at the previous and at the
next sampling per i od . In fac t it can be corre lated w i th maneuvers
separated by many sampling periods. If such is the case , the simple
d i scre te Kalman fi lter di scusse d in the previous sec ti on may no t y iel d
satisfactory performance. An augmented Kalman filter is therefore
needed.

First , Equations (12)-(l4) must be modified . A sa t isfac tory cor-
relation function in the sense of providing realistic approximations
to the stat i s tic s of the maneuvers as well as yiel d ing mathemat icall y
tractab le solutions is [10]

E [T(n) ~(k)] = 02~ in - k I (81)

where is obtained as before (Figure 6 and Equation (36)) and the
correlat ion coefficient p is modeled by

24



r 
‘

\I
f if Tf

<~-
= 

~0 if If (82)

The quantity A is essentially the inverse of the average manuever duration.
With the correlation defined as above , the dynamics of the terminal are
then described by

T(n+l ) = 1(n) + T (n) If + 2~ 
1(n) If (83)

t(n+1) = ~(n) + T(n) If (84)

T(n~1) = p ~~(n) + u(n) (85)

where u(n) is a white noise of zero-mean and variance 2(1 2) In
matrix notation , (83)-(85) becomes

Z(n+l ) = ~Z( n ) + ~u(n) (86)

f where

TT (n)~~2(n) = i(n )  
1 

(87)

L~~~~~~~~~~~J

fl If T
~/21

1 If I 

(88)

[_u o  
~~~~~~~~ J

and

r = [o l .  (89)

The me asuremen t is gi ven by

X (n)  = H Z(n) + ~(n) (90)

with

H = [ 1 0 0] (91)

an d the sta ti st ics of ~(n) as given previously in Equati ons (7)—(9).
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Mat he rd t - ica l  develop ment of the augmented Kalman fi lter fo l lowsessentially the same path as in the previ ous section , wi th a fewchanges in the Irl atrix contents (see Equatio ns (28) through (36)),
Q = 

~~(l-:~ ) (92)

x (2)
z(2) = 

[ 

(X(2)-x(1)~~ (93)

and

0
~~~

2 2  2

~(2) = f T 2/Tf 

: If 
+ 2-~ /T~ 

~~~~~ 
. (94)

L0  ~~~~~~

Aga~n , the stead y-state behavi or is discussed fi rst. In thesteady state , let

P~3 . (95)
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Then from (39), we obtain

(96)

~~~~~~~~~~~~~~~~~~~~~~~~~~~ (97)

2
C - 2 E + F = C - ~~~~ - l  (98)

D 2 _ pD 2-~~~E + ~~~F - ~~~~ -~~ (99)

E - F pE - + 1 (100)

F = p 2F - (101)

where

r = 4:
~
/aaT~ (102)

A 
~~~~ 

(103)

B = 

~2
/
~~~a

Tf (104)

C = 

~3
/0aTf (105)

D 
~4

/PO
~
Oa (106)

E ~5/~o
2Tf (107)

and

F = ~~~~~~~~~~ . (108)
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Man ipulations for solving this system of equations are as follows :

(99) - ~- x  (98):

D = 
~~~ B

2/(l+A-p ) . (109)

Substituting (109) into (101):

2 4
- 4pB

r (l+A—p ) (l+A) (l—p )

Substituting (110) into (98):

2 24B 2 p B  1 1E - 
~~~ 2(T+A ) 

- 

r2(l+A -p )2 (l+A)(l-p 2) 
1

Substituting (109), (110) and (111) into (100):

B2 ft~~ 
r~I+A-p~ (l-p )1 

= 
~~~~~~

- (l÷A) (112)

or
B 

~~~~

+ r(1+A-p)(1-p
~IJ ~~~~Y’T~~ . (113)

(96) + x (97) + x (98) :

A - B = (A + B - ~~ B
2)/(l+A) (114)

or

B = 

~ (~~~~~~~~~~ 
± 1) 2 

. (115)
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Now let

A = (x1 ) 2-l (116)
and

r = r ( ~-~-)~~
2 

. (117)

Then substituting (115), (116) and (117) into (113) gives

x4+2 l - ~~~;l- L)x 3+ (l-, 

~
L1- ~ ~~~~ 

2(l-~ )(3~i x± 2(l~~
,)2 

=

(1 18)

It can be shown (since A = 

~~~~ 
must be real and non-negative) that the

l ower sign options of Equation [118) must be used , and in addition that
this equation yields onl y one positive real root , which is the correct
root.

The 4th order equation (118) may be solved by the standard (closed
form ) method as given in many mathematical handbooks [11-12] or by computer
iteration techniques. Both methods have been used to generate results
presented in this report. (The iteration techniques are easier to
program while the closed form solutions are more efficient.)

~f r~(l-~.)~>>l , then an approx im ate sol ution for x i s

~ 1 + 2 )l/2 1+ 1 1 0 2 )3/2 2p 2 l/2÷(15+3p ÷31p 2)(2 ~~~1x~~
_ 

(

ç 
‘ - - 

2(l_p )2Y’p L ~~~~ l6(l~p )2 

~J
(119)

From (~~~~~~ ) 
arid (38) we obtain the steady-state gain matrix ,

KT [~~l
/o E.

K = Kj . P2~”~~ (120 )

K~ LP4 /0~w here
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= P1 /-: , — 2 (121 )
1 + P1/a c

2 4 ~2/ o a T f
= P2/o~ 

= 

~~ 
l+
~l/o~ 

(122)

2 4 
_ _ _ _ _= p

4/° 
= _E.~. 

~ 
~a (123)

rlf l +I-’i /c~

Then we obtain from Equations (96) to (123)

P1
A = (x-flY-l = —i (124)

B = ~~ (~~~~~l) 2 = 
T (125)
f

2 p
— 

rfl+A—~) 
- _____

P

T ~2 l+A

Kj.Tf 
= 

~ 
(128) -

KT f = —
~r~

- .

Graphs of 
~l /:~

, P1 /~~ 
= K1, K~.Tf, an d K~T~ as func tions of r

for different values of c- (obta i ned from the exact solution , Equation
(118)) are shown in Fi gures 7 through 10. Note that for o=0 the augmen ted
Ka l man filter reduces to the two—dimen sional filter analyzed earli er , and
the corresponding curves are in agreement with those given previous ly in
Fi gure 4.
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A model of the resulting augmented Kalman filter incorporated
into the receive clock sampled data delay lock loo p is given in
Figure 11. Sampling switch timing for this model and comments con-

H

~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~ 
T~ / k2

Figure 11 . Model of the SDDLL with an augmented Ka l ma n fi l ter .

cerning the time delay and the output Tc ar e t he same a s tha t p rev i ous ly
given for the two—dimensional model of Fi gure 5.

0. Trans i ent Respo n se of the Dis cre te Kalman F i lter

The settling time is an important factor to consider when choosing
a suitabl e filter for implementation in the SDDLL . A Kalman filter ,
though optimum in a sense , requires more computer storage and computer
time than , for exam p le , the (steady state) Wiener filter . If the settling
time is sufficientl y short , a corresponding Wiener filter can be used in
place of the more sophisticated Kalman filter . In this section , the
transient responses of the discrete Kalman filters discussed in previous
sections will be studied and curves of the transient response and
approximate expressions for the settling time will be obtained .

The transient response of the simpl e discrete Kalman filter is
studied first. Combining Equations (28) and (29),

[~ (n+l )~FQTT]~~~
T 

~( n )  - ~( n )H T[H~(n)HT+R]~~H ~(n). (130)
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Equating corresponding elements on both sides of (130), we obtain

P1~~~l) -2~2(n+l)T f+~3(n+l)T~-:
2T~/4 = ~1 (n)o~/(~ 1 (n)+- ~ ) (131)

~2
(n+l ) - ~3(n+l)Tf + a~T~/2 = P2(n) /(P1 (n)+~~) (132)

~3(n+l) 
- c2T~ = ~3(fl) 

- 

~~
(n)/(

~ l (n)+.~~
) (133)

where P1, P2, P3 are the elements of P as defined previously in Equation
(40). In the steady state , Equations (13l)— (l33) reduce to Equat ions
(48)-(50). The above difference equations are nonlinear and can not be
solved analytically, hence. numer ica l methods mu ,~t be employed . To star t
the iterations , we obtain the initial value of P(n) from (28) and (36)

a~+a~T~/l0) 4— (O
2+o 2T~/4)~~

~(3) =~ (134)

L~ 
(o~+a

2T /4) ~~ (G~+ 5 T ~/8~
J

It is convenient to define the followi ng variables :

r=4o
~
/oT

~ 
(135)

A(n)=~1 (n)/o~ (136)

(137)

C ( n) = ~3 (n) Io ~T~. (138)

Then (131) throu gh (134) become

A(n+l ) = 
~~
. B(n+l ) - ~~~~~ C (n+l ) + + ~ (139)

B(n+l ) = -
~~ C(n+l ) + 

~
_÷~-3- - 

~~
- (140)
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C(n+l) = C (n) - _ _ _ _  + 1 (141 )

and

+ 
~~ r(l + 

~ )0~~a
Tf

P(3) =

3 1 4 \  1 2( 10\ 2 2
~ 

r~l + ~~)O~o T f r + 2) O l f (142)

The filtered covariance elements are related to A(n), 8(n) and C(n)
by

= A (n)/(l+A(n)) (143)

P2(fl~~~ 0 T f = B (n)/(l+A(n)) (144)

P3(n)/c~T~ = C(n) - B2(n)/(1+A(n)) (145)

and the gain factors are

K1(n) = P1 (n)/o~ (146)

Kt(n) = . P (n)/a~~~T (147)

Graphs of ~1 (n)/o~ , KT(rl ) and Kf(n)Tf for different va l ues of r are
gi ven by the p O  curves in Figures 12, 13 and 14. From these figures ,
we obtain a fairly good approximation for the settling time ,

~ 2.5 r~
’2 Tf. (148)

37

_ _ _  



- - .,-
~~~~~~~~

,, - --— .z. - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 

-

• 4.)

0a)

c rm
,g, a~oa~ ai In S.-

~~~0 00  0 o oooo 0 0 0  d~
)I II 1 II II ,, a It a ,i II II

S.-

H I  I o~~I I~~ I ‘‘ z

~~ ~~~~ 
-:~~~ -4~~

II I i/ I~ ‘—

~~
///
/

//p/ 
. ..- 4-

4-,

,1, 0

I— E
-I ~~~~~~~~

a- Li

.0 -C/ a) -’-)
S.-

0

a)
r-.j S..

.1— C

,1

//
/

c.’J

a)
S..
C
01

LL

I I I I  I I I I T I I  I I I I 1 1 1 1 1  I I I

10’18 9L 9 S  ~ ~ ~0l~69L9Sj ~ £ E 1_O~ 6 9 L9 S  Yi £ 
~

38

. ,- - - . - ,-.-.-
~~~. — - .~~~~~~~~ ----- ~~~~~~~~~ ~~~~~~~ ---—--—- —-.-- ~~~~~~~~~~

- . ,



- -.  - -

C-

01

C

C)
Ii) 1 .

0 0 2
— — r- .0
II I II 

~- C

a o i  ~~~aiin a, .

~oo d dcoO 0
II I~ 

II II II II II II II If II

S.-I I  I I  . C C

~I I I  I /  . z
I I I  i i  . C

/

/
/
/

y/

/
/
7 

— C)
I-

.~~~~~~~~~

~~~ •1- 4-)

LU 4-’

~
—

C ) C
4-

C) .0

I- 5 . -0

/

/

/
c•)

Ill a)
WI 5-

C
Cl

I
/

0ot~~L~ ~~~~ 
—

a

39



~

O T  
~ ,.0I1 s~L 9s ii C ? 0169L !~ C ~

5-
a)

4~)

‘-4-

— 
- C

Lii
-I
4
U
(/) C

a- (I)
2=  0 -

h-~~~~~ I-. 
-

_ _ _ _  _ _ _ _  _ _  _ _  
4-

Cl

C)

d 0 0  0 0 0 0  0 0 0
II II II II II I I I II a)

V0 0 0 0  0
11 11 1 II II a)

.0a)
N

a- 5-
0

a)
S.-
C
01

00 
‘ ‘ ‘  S OI’é~ L~ 

T 
QI~69L9 

a
-

~j . +)4

40



For example , usin g a typical value of Tf ~ .01 sec

1.08 sec ,

~ .~.8 sec , r=103 . (149 )

L 8 sec , r=l05

From the definition of r (Equation (135)), Equation (148) indicates
that the settling time depends only on the ratio c

~E/ca, i r respec t ive  of
the sampling period Tf. However , we have neglected correlation in the
maneuver noise when deriving (148). As the sampling period becomes shorter ,
the effec t of correlation in the maneuver no i se can not be overlooked. We
ex pec t that the se ttling time w i ll als o depen d on the sampling period
when correl ation is included.

Now consider the transient response of the augmented discrete
Kalman f i lter. Fol lowin g the same reason i ng as above , we obtain the
recurs ive covariance equations as follows :

A(n+l ) = ~~ . B(n+1 ) — ~~ C(n+l ) — ~~
- D(n+l) + ~~~~~ E( n+l) - ~~ F(n+l)

A (n) 4
+ l+A(n) - 150

B(n+l ) = 
~~

. C(n+l ) + D(n+1 ) - ~
. E(n+l) + -

~~~ F(n+l )

+ B(n) 
+ ~~

. (151)f+A(n) r

2, ~,
C(n+l ) = 2E(n+1)-F(n+1)+C(n) - - 1 (152)

D(n+1) = 
~~ E(n+l) - -

~~
- F(n+l) + L÷A( fl ) - -

~~ (153)

E(n+l ) = F (n+l ) + 0E(n) - pB(n~D~n) + 1 (154)

F(n+1) = p 2F(n) - (155)
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where r, A(n), B(n) and C(n) are defined as before and

0(n) = 

~4~°~~~°f°a 
(156)

E(n) = ~5(n)/Po~Tf (157)

F(n) = ~~~~~~~~~~~~ (158)

In the steady state (l50)—(l55) reduce to (96)-(lOl). The initial co—
variance matrix is obtained from (94) and (28)

+ 
8O+~))2 ~ r~ . 4(

~~
P ))oc

oaTf 
2(l+~)~~~~~~

~(3) = r + 
~
(
~~

P
~~~

oaTf ~ r
2
~~ + 

10 

r2 )  
O~T~ (1+ ~~ P~~Tf

(1+ ~ p )  P~~Tf

(1 59)

The filtered covariance matrix elements are then g iven by

= A (n)/(l+A (n))- (160)

= B(n)/(l+A (n)) (161 )

P3(n)/a~T~ 
= C(n)-B2(n)/(l+A (n)) (162)

= D(n)/(l+A (n)) (163)

Pr (n)/Pa
2
T
f 

= E(n) - E3 (n)D (n)/(l+A (n)) (164)

P6(n)/p
2a~ = F(n) - 02(n)/(l+A (n)) + 1/p 2 (165)
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and the gain factors are

2K1(n) 
= P1 (n)/-’ . (166 )

= ~~ P2(n)/.3~~~Tf (167)

Kf (n) = —,
~
- P4(n)/~~~ . (168)

rT

Gra phs of ~1 (n)/~~, K1(n), Kf (n)T f and K~(n)T~ for different values

of r and p are shown in Figures 12 through 15. From these figures we
obta in an approximation for the settling time

/ 1 2  1 2
A T  ~ 2 . 5r 112 (

~
) I

~ ~ 
2.5 r0

’ Tf, if r / (1-~ )>l. (169)

The condition r1”2 (l-p )’l is essentially the sane one under which (119)
is obtained . For fixed r, the settlin g tine decreases as p increases
until the condition r’/2 (l-c .)�l is no longer satisfied . Then the
settling time increases as p increases further . The dependence of cI~ on
the sampling period is implicitly contained in c (c- l-I- T f). For r-zl O5,
~< .999 and Tf= .Ol sec , the settling tine falls approximately in the range
of one-tenth to ten seconds.

E. Monte Carlo Simulation

Performance of the discrete Kalnian filter describe d in the previous
sections car be investigated using a Monte Carlo simulation method . In
this method , the rece i ver no i se an d the maneuver no i se are genera ted by a
computer using arith net ica l random number formulas. Th e resul ts of
severa l si mu l a ti on s tudi es are summar i zed here.

In the first case , the simulation method was used to obtain a
comparison between the performances of the discrete Kalma n filter and
its corresponding Wiener filter. Correct statistics of the receiver
no i se and the maneuve r noi se were assu med . Values of p , ° a and were
chosen as
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p = 0, .5, .9, .99, .999 (170)

= .5A /sec2, 15A/sec2 (171)

and

= .OlA , .1A . (172)

For a code chip rate of 40 Mbit/s , A = 25 nsec . Then °a = l5L~/sec
2

represents an acceleration of llg which is probably the hig hest for
airc ra f t .  For °a equal to 15A/sec 2, the sampling period If should not
be greater than .02 sec. in order to keep the transient timi ng erro r
below 0.5A and thus avoid loss of lock . In this simulation study T~was chosen to be .01 sec.

In the steady sta te , the stan dard deviation of the one-step-
prediction t i m i n g  error was found to agree in genera l to wi~ hin l0~of the analy ti cal resul ts df Sec ti on C , except for °a = .5A/sec ’,

= .l~ , in  which case the simulation results were 30% lower than the
anal yti cal resul ts.

The settling tine of the discrete Kalma n filter agrees with
Equation (169). For the corres pond ing W iener fi lter , the settling time
is about.twice as long. For = .1A the timing error of the Wiener
filter in the transient state can become greater than .5A which could
unloc k the local cloc k of the SDDLL . T hi s is  a lso true for the Kalman
filter if a~ > .2A . It appears that a better initial estimate than that
given by Equations (93) and (94) is needed -if c~~1

> .2A . The cruc i al
poin ts  are the initial estimates of T(n) and of T(n). Error in the
initial estimate of 1(n) is rather unimportant because of the short
sampling period .

In t he secon d s i mula ti on s tudy, the performance of the simpl e
discrete Kalman filter was compared to that of the augmented Kalman
filter of the previous study. If a simple discrete Ka l ma n filter is
implemented irrespective of the corre lation coefficient , the per-
forniance will not be optimum. The hig her the va l ue of a , the poorer
the per formance w i ll be.

Assum ing correct values of aa and a~ in implementing the simple
Kalman fi lter , the performance was degraded by 3~- for p = .5 , 40,.~- for
p = .9 and 60% for p = .99. H owever , the anal ysis of previous sections
i nd icates t~”t the maneuver noise standard deviation °a shoul d be re-
placed by a8L (l+c )/(l-a)]1/2 if a simp le discrete Kalman filter is to be
impl emented for a~O (i .e., this is equivalent to replacing the parameter
r by r’c — see Equations (102) and (117). Improvements in performance
can then be obtai ned. This was verified in the simulation study except
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for the case p = 
~~~~~~~~ °a = l5A/sec 2, o~ = .OlA . For other parametric

values the degradation in  the performance was onl y l’~ for p = .5, 10%
for p = .9 and 30~ for a = .99. Thus it appears that with p less than
.99 and with proper substitution of the maneuver noise variance , the
simpl e discrete Kalman filter can be implemented to save computation
t ime and storage cost while still providing satisfactory performance.
For p equal to .99 and higher , the augmented discrete Kalman filter should
be used .

One potential major disadvantage of implementing the discrete Ka lman
filter is that it may require accurate estimation of the value
r = 4

~’~ /o a T~ . Therefore in the third simulation study the effect of the
accuracy of r on the performance of thL discrete Kalma n filter was
studied . First , for p = .99 and .999, it was found tha t the performance
of the augmented filter is degraded by only 10% if the es t imat ion  of r
is off by ~ factor  of 2, and by 80% if the estimation of r is off by a
factor of 5. Testing va l ues of ci a and c~~ are the same as in the first
two studies . The sm a l l  percentage of de~radation can be attributed to
the small slopes of the curves shown in Figure 7. The same s tudy was then
repeated for p = 0, .5 and .9 using the simple discrete Kalman filter with
proper su bs tituti on of the manuever noise. Resul ts were essen ti a l l y the
same as for the augmented filter wi th onl y a slight increase in the
percen tage degradation of performance .

The tracking capability of the discre te Kalman filter (worst case)
was then considered . The terminal was initially stationary and the
di scre te Kalman fil ter wit h assumed values of p, °a and ~~ was in the
steady state. Then an ins t an taneous  velocity was suddenly imparted to the
terminal as when a fre quency of fset occurs . Typ i cal res ponse of the
d i sc rete Kalman filter is shown in Figure 16. Fol low ing an initi al
over-shoo t the fi l ter settles down quickly. It was found that the
maximum instantaneous velocity which can be imparted to the terminal
wi thout risk of unlocking the local clock of the SDDLL is approximately
gi ven by

~ 1 .80 r~~
’2 A/T~ . (173)

Resul ts of add it ional simula tion studies of the di screte Kalman
filter , including transient response , noi se performance for sta ti onary
t e rmina l s , and comparisons of analytical values of error variance with
s imula ti on resul ts are gi ven in Sec ti on VI I.

F. ~p~ .ink Synchronization

• Close d-loop synchronization of the TDM /\ system is achieved by
• adjusting the tin iin g of up-link transmissions to maintain a prescribed

timing relationship between the received down link signals and a
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Fi gure 16. Ramp response of a discrete Ka l man filter .
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network clock signal. The synchr onization of the single one way link
illustrated in Fi gure 17 [1] will be consider ed in this section .

SATELLITE

-J

CD
C,,

—I

c~ ~~~~o
—-‘I O~~~Z

/ vTJ

M— C L O C K  TRANSMITTING TERMINAL
0 — DATA TRANSM ITTING (ORIGINATING ) TERMINAL

• 0 — DATA RECEIVING ( DESTINATION ) TERMINAL

Fi gure 17 . A single (one—way ) TDMA link.

As prev iously stated , the terminals need not be ground-based. Fas t
mov ing terminals can be included . Fol l owing [1], it will be assumed
that a portion of the time allocated to each terminal is devoted
exclusiv ely to transmission of a pulsed envelope ranging signal from
which timing error information is extracted . Strict preservation of
the TOMA concept requires that the network clock signal also have a

• pulsed envelope waveform .
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The TDMA synchroni zing receiver employs two sampled -data delay-
lock loops (SDDLL’s) to maintain proper si gnal tim ing. In one SDDLL ,
the time base of a locall y generated cloc k signal is ali gned wi th the
time base of the received network—cloc k si gnal. Th is S[)DLL with a
discr~te Kalman filter has been analyzed in previous sections . The
second SDDLL estimates the timing error of the received ranging signal
relative to the locked loca l clock and appropriately corrects the
timing of the up-link transmissions. The performance of the second
SDDLL will be discussed in this section. Both the network clock and
ranging signa l waveforms are bi-phase modulated by suitable PH codes .
An abbreviated block diagram of the synchronizing receiver is shown in
Figure 18 [1]. (Identical codes for the cloc k and rang ing loops are
assumed here for simplicity , althoug h different codes are actually used
for signal i dentification .) Mote that the averaging loo p filter in the
clock 1oop of the original TDMA modem has been replaced by a discrete
Kal man filter. However , as stated previously in Section II , wi thin the
spectral range of the timing signal and the dynamic range of the terminal
motion , the discrete Kalnan filter in the clock loop can provide the
tracking function for both loops. Therefore , in the ranging loop the
simpl e averaging loop filter will be retained .

Closed—loop timing corrections in the ranging loop must be separated
by an interva l larger than the propagation delay of the rang ing signal
(about 250 msec when a synchronous satellite relay is used) in order to
ma i nta i n ran g ing loop stabi lity . Howeve r, if fast moving terminals and
a hig h code chi p ra te are emp lo yed , timing error in the ranging loop
accumulated in such a time interval can be larger than A/2 if only
closed-loop corrections are made. Therefore , estimates of the down -link
delay rate and acceleration derived in the clock loop are employed as
open-loop corrections in the ranging 1oop. The modified two-loop TDMA
synchronizer used previously [1], wi th cer ta i n changes as shown in
F ig ure 19 , will serve this purpose. In this figure , ATcf and LSIrf are
the sampling period offsets (errors) in the clock loop and the ranging
loop, res pect i vel y (i.e., ATc,rf = Tc ,rf Tf where Tc rf are the nom i nal
su bf rame len gths an d If is the actual subframe lengt~s at the satellite).
The formula for determ in ing the quantity A0 will be given later. Deta i ls
of the clock loop Ka l man fi l ter were given previously in Fi gure 11.

Rela ti onships between the sampl i ng i nstants of the sam p le rs are
shown in Fi gure 20, where Ta is the PM code period. It will be assumed
that the Hr ran g ing  sig nal  pulses  are sam p led ever y I~ seconds where
If = KTa. Neg lec t i ng c i rcu i t delays , the sampling instants (A) represent
the tim es when system clock samples are receive d and corrections in local
cloc k timi n g are ma de as a resul t of measure d ti~i inq errors. At times
(B) additional corrections are made , as predicted by the Kalman filter ,
to compensate for the effects of terminal or satellite maneuvers
(velocity and acceleration). Times (C) indicate when ranging pulses are
received on the down-link . Note that the Nr ranging pulses of each burst
are spaced by the subframe time , T~, as are th e sys tem c lock pulses  but
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® Tf~~~~~

T0( t ) ÷ e~
(t )  

Nc K c2

-

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

® Tf/N

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

T + 1~ ROPA GA T ION L •i.
Tr ( t )  + DELAY i- S

t~T fr
If

Fi gure 19. A mode l of the modified two-loop TDMA sync h ron i zer .
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O fl rTa fl rTcrf T f I t
>TmaX

©
O I t

Fi gure 20. Sampling instants for the case Nr=2~ 
an d Nc=2•

are offset from these by an amount nr Ta (when properl y timed) so that
interference between system clock and ranging signals does not occur .
Mote also that to prevent ins tabil ity in the ranging loop, If and 1r
(the n umber of subframes per frame) are chosen so that the separation
between the fi rst ranging pulse of each burst and the last pulse of the
previous burst exceeds the maximum round-trip propagation delay , Tmax .
Sampling instants (0) represent the times when the Nr ra r gi ng pulses of

• each burst have been averaged and corrections in transmi t timing to
• compensate for measured timing errors are made. Additiona l (open-loop)

corrections to transmi t timing are also made at times (A) and (B)
above (see Figure 19).

We now proceed to analyze the responses of the modified synchronizer
as fol lows. W it hi n a sam pling interval I

~
, the network clock can be

described by

I0(nT f+~ ) = T0(nl f) + ~0(nT f)6 + T0(nl f)6
2/2 M O

~~
Jf. (174 )

In the stea dy-state , the discrete Kalman fi l ter can track non-random
delay accurately. Therefore , in the steady—state

54

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -- rn -~~~~ -~~~~



E[IC(nT f+~fl 
= E[T (nl f)] 

+ [[t (nT f)]~ + E[T0(nT ffl-
2/2. (175)

where E[ ] indicates the expected value. However , this equation is
true onl y when the corrections from samplers (B) of Figure 19 can be
ma de con ti nuousl y. To account for the discrete nature of these
correc ti ons , (175) is modified:

E[T c(nl f+m 
~~~ 

+
~~~fl = E[T~(nT~~ + E[t0(nT f)] ni

12 Al
+ E{T (nT )]m2 ~i-~~ + -~~~~~~L ~~~. (176)

whe re

I I I
- ,~~~~-t ~ < 0 < m < N and 0 < m + f~ 

l•
~ 

(177)

Thus the expected value of the clock-loop timing error is

I I I
c ( ~Tf+m ~~ + e) 

= E[I0(nT f+m ~~~~ +-
~

) - I (nlf+m ~~ + 0)]

= 
~~
[
~o

(0T f)] 
- + E[T~(nT~)] +m

(178)

The subscript s denotes the expected value . From the previous sections
we obtain the variance of the clock-loop timing error ,

C ( n lf+6) = P1 + 2p26 + P3~ + ~4o
2 + ~5~

3 ÷ = m

(179)

and

c
~~~~

f f l  (180)
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wher e the Pj ’s and 
~i’ s are elements of the covar iance Watr ices ~and 1’, respectively , as defined in (95). The variance a~ (nT~+o) isa m onotonica ll y increasing function of 6 . c

Next , consider the ranging -loop response. We shall first derive
som e additional formulas related to the steady-state Kalman filter
which are essential to the calculation of the ranging -loop timing
error. From (86),

Z(n+i) = 
~~ Z(n) + ~ ~~-k Fu(n+ -1) (181)

k= 1

where

~~~~Tf T~~~

c =  ~0 1 If

10 0 p

L (182)

and

~~ k~l~~~~~~~~~~~ 
~l X I

f

~~~ = 0 1 1~ 
k~l ~=~0 1 Tf(l~P

c
)/(l~P)

0 0 
~~~~ 0

(183)

Th us

T (n+~) = p~~ 
T ( n ) 

~ k~l 
~-k u (n+k-l) (184)

= t (n) + Tf~~~~~ ~0(n) 
+ 

k~l 
~~~~~ u(n+k-l)~ (185)
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T0(n+t) 
= T0(n)+~Tf ~~

(n) + 
~~~~~~~~~~~~~~~~ 

T o

+ ~ 
~~~~~~~~~~~~~~~~~~~~~ 

(186)
k l  (l-p )

u(n+k_l~
)

Al so from (19), (21), (22) and (86),

Z (n+1) = Z(n÷1)_Z(n÷l)=(l_K1-l)[
~
Z
~
(n)+1’u(n)]_K

~~
(n+l ) (187)

and

Z (n+~) = [(I-K )~]~Z (n) + 
k~l

C

(for i > 0). (188)

Thus

p (~) E E[Z (n+z)ZT(n)] = [(I-KH )~ ]~P (189)

E[Z (n+i)
~c

(n)] -[(I-KH)~]~Kc~ (190)

ErZ~(n+~)u(n)] 
= [(I-~~)~]~~~(I-KH)r~~(l-p

2). (191 )

Note that o~ (i) and C
~a
(
~~ 

are vector quantities , i.e.,

[~aI~31
= 

~ ~
at~

2
~ 

(192)

~~ aT~~~J

and similar l y, for
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Now refer to Fi gure 19. The ranging-loop clock at IrTf+tlf+nrTa
( i . e . , the time at which a ranging pulse is received) is related to that
same clock at ~Tf+n rTa (one frame ear l ier)  by the expression

AT
I ( I T + ~T + n T ) = T ( ~I + n T ) +  ~~~ I Tr r f  f r a  r f r a  If r f

+ C ( Q , I +
~

) + C( i ,I ÷ ~) + C (193)

whe re C1, C0 and C are due to the pro pagat ion dela y change , the open-
loo p correction anS the closed-loop co rr ection , respect ive ly .

Because of the propagation delay , any change in-satellite motion is
not known at the termi na l until after the (one-way) propagation delay
has elapsed , wh ile a change in termi nal motion is known immediately.
Hence the effects of the propagati on delay change C1 d i f f e r  depend i n g
upon whether the satellite or the terminal is maneuvering. The case
of a stationary terminal and maneuver ing satellite (worst case) will be
cons idered fi rst . In this case C1 is g iven by

C( 9~,I+2~) = 2[To(IrTf+9~Tf+OrTa ) - To(~Tf+nrTa)]. (194)

Expressions fo r the open-loop and the closed-loop corrections involve
the propagati on delay I and the ranging-loop sampling instant nrTa.
Let

T
1 - n  = - m  — - 0r a  I I

i .e., the time period from transmission of the ranging pulse to the
neares t su b frame boundary (and received sy stem clock pulse) preceeding
recept ion of this pulse is expressed as an integer number (N1) of sub-
frames (Tf) minus an integer numbe r (m 1) of cloc k loo p correction inter-
vals (Ti/Nc) minus the remaining offset (01),

where

- < S , 0 < ni < N
~ 

an d 0 < m + 0 < I
~
• (196)
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Then

C ( ~ ,I + ~) = - [Tc(I rTf+iTf~N T f)~
Tc

(ZT f
_N

TTf) -

fc r If+iIf I Tf fc~~
TrtJ TTf)] (~

if + A )

- 

~ c rTf~
Tf Tf T I rN T f + A

0) 
~~~

(197)

and

A Nr
_ l

Cc = N n~0 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(198)

T+.(N l)Tf IIf <
~~ 
I
~ 

< I + r~~~
hi 

(199)

where

A = k l k 2. (200)

In (198) it can be shown that

T (nT~+ n T )  = I (~I~+ n I )  + ~~~ ~~~~~~~~~~~~~~~~~~~ (201)

Usin g (194) and (201), we obtain from (198)

C~ = Ar[To(~Tf+nrIa)~Ir(~If+nrIa)] - A
r(~~

_ - ~)If 
~~~

A Nr
_l

+ N n~0 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(202)
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Usi ng (194) and (202) in (193)

I (I T~~~T +n I )-T (I I +~T +n T ) = (1-A )[T (tT +n Io r t  f r a  r r f  f r a  r o  f r a

- Tr Tf+nJa )]
~~J +~

12 (203)

where

= I (iT ~n I )-T (I I +~T +n I )-C (~ ,I +i)o f r a  o r f  f ra o r

AT rf
- Elf - A~(~~

_ -
~
)
~~~

--

H -l (A r 1
~ ~T (nT +n 1 )1  (kI +n I) C (n,~~ (204)

r n=O L° f r a o f  r a o

and

N -l (

= 
~~~ ~ 

T (nI +n I )-I (nI +n I )+ ~ (nT +n I ~~~~~. (205)
A r

= o f r a  c f r a  r f r a j
We shall assume that the clock loop is in the steady state . Ihen

mak ing use of (178) and (l84)-(l86 ) we obtain the expected values of
(204) and (205),

E[W1 ] = E[T0(-N Tf)]T~ E~~
1
~ 

+ 
A r 

Nr~l 
~~~~

1 p r n=0 l — ~~
J

1) 
+ 

N n I N n~T~
_ _ _ _ _ _ _ _ _  

-t r a l (1p 
~~~ 

) 
~~~~~~~~~~~

1m A

) 
+ 

m ,m A
I

T l I T
-p )  

N~~~~~~~~~~~N~~~~~~~~
-T

)J
cr: (N

_l 
~~~A1 f AT ‘~r rf~- 

• 

_A
r ~~~~~~~~~~ 

- — 

)
Tf (206)
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and

E[W2] = A e (nI ) = A E ( ~Tf+ n T ) . (207)

Equation (206) can be made independent of E[10(-N If)] if A0 is chosenaccording to the expression I

A f
~~~~~~~ N1 ~1 

+ 1 
m 2 

+ 

N1 ~~r
Ta

o ~~~~~ 2(1—p ) 
- 

~i 
( ° )

Tf 

c 

(208)

fJJ l- (l-p )~
_L

For p ~ 1 , (208) reduces to

A0 = 
(N1 

- 

~~ 
+ ) 1~ t . (209)

Then f r om (203), (206), (207) and (208) we obtain

c ( i T ~+iT~+ n T )  - (1_A
r)E rs(~

If
+0rIa)

= - LA (
~~ 

- ~~~
(
~~~f + ~~~f) Tf 

+ A c (il f+ n T )  (210)

where

C rs (~
hi~~r

Ta) 
= EtIo(nl f

+nrla
)_I

r(nl f+n rTa )] (211)

and

+ ( r~~~
Tf — ‘rTf ~~ 

< I + (N r
_ l ) Tf • (212)

From (210), we obtain the so1ut i~ f o r  t~ie mean ranging loop tim ing error

~rs
I rTf~~

Tf~~r
Ia ) as
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r: 
~~~ 

.-

~rs I rTf+ f+~rTa) rs Tf r Ta) r)~~~~~~~~r~~

- 
N - l  +&) ( + 

AT
rf) If~~CS

(LT f+ n I )
~

(213)

For the system to be stable ,

l im (l4\r)~~0. (214)
n~~

Thus we must set

O < A < 2 . (215)

In the steady—state , the mean r a n g i n g  loo p t im i n g error i s g iven by

~rs IrTf+~
Tf~~r

Ia) = - - 

N~~l +~)(~~~i + 
T )  

If+c cs (ilf+ n I )

(216)

The relationships between E[I0], E[Ic], and EEl ] for E[10]=0, Nr=2 , and
Nc l are shown i n Fig ure 21. This fi gure will t e  examined in detail later
(in Section V I— B)  when appl ications to system design are considered .

To cal culate the variance of the ranging -loop timing error , we assume
that all the random processes of (203) are zero-mean. This is permiss ibl e
since the control system is approximately linear in the sampled—data
sense ove r the range of operation for which the model is applicable.
Using (184)-(l86), (208) and the following relations

• T (nl f
) = T

O (nT f)-TC (nT f), f
~
(nh i) 

= t (nl f)4(nTf) (217)

I(n lf) 
= T (nT~) - T (nl f) (218)

we can rewrite (204) and (205) as
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Figure 21. The steady-state delay-function responses of the
modifi ed synchronizer for the case Nr=2~ N~=l.
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T ~~(~+ N - k)(l-p )- (l+p ) (1-p T 

) T~
- 

k l  L (1-p )
2

N k  £+N -k n2T2l
+ i~i~ nrTaTf+p 

~ ~
_
~~.~!.

__j 

u(_N
T
+k_ 1 )

I +~+N —kJ + ~+N ~~(I÷ ~+H k ) (l ) (14 )(l r I 

~

k 1  L (1-p )2 
- 2

I +i+N -k n2T21
+ l-~ 

~~~ 
nrTalf ~ 

r t

+ ~r r + 1 (
~ 

r 12

k l  (1—p )2 2

m A I +9W-k m A m I~1+ ~~~~ (
~ 

+ 

~
) ~~ + ~ r 

+ 

~~~
)

~~~~~~ j  

u (-N1+k-l )

~ ~~~ -k)( 1-p )- (l+ p ) (l-p~~~) 
T~

— 

k~l L. (1—p )2

+ ~~~~~ + 

~
) I~ + ~~~~~~ +

(219)

(cont. next page)
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( IrTf~~Tf_N TTf)_~~(LT f~~ITf)]

-[t (I If+~lf-NI f)-t (~Tf-NT)] (~ 
+

T rhf
+
~
If Tf ) T

f~~~If
)] + 

~~ 
I~

A Nr_ 1
+ r

Nr n=0

n+N~~~~ +Fl k)(l ) (l )(l
n
~

lT~~ ) I~ 
N k

k~ l L (1-p )2 ~~ i-p

n+FJ -k n2I2l
nrlaTf+n 

I __!:~!.J u (-N +k-l )
~+ri — k

- 

Ir2(
~

+N k)( l P) (l+P) ( l P I T~ 
_ _ _ _ _ _ _

k l  b (1-p )2 ~~ i-p

~+fJ -k n2T2l
nrTalf 

+ ~ 
T _

~
__

~J u (— fl +k—1 )

+ ~ ~~(~ -k)( l-p)- (l +p )(l- p )~~~~ 
T~ 

+ 1~~~-k (ni A
0

k~1 L (l~~)
2 2 i-~ ~j f 

+

2 m A m T 2l
+ ~z_L

(
~~~ + 

~
) —~~~u(-N +k- 1) (219)

(cont. next page)
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- ~ ~~(n-k)(l-p)-(1+ p )(l-p)~~~ 
T~ 

+ 1~~n-k (ifi 
+

k 1  [
~
_ (1—p )2 2 1— ~ ~

Nc If)

m A m I2l
T~ + 

n-k 
+ 

~
) 
~~j

- [T~(iIf-NT f)—I (nIf
_ N T

f)]

- [t6(~Tf-N Tf)-~ (nT f-N T f)] +

- [ If -N Tf)-T (nl f-NI f)] + 

~~ 
I~

} 

(219)

and

A Nr~~I .. n2T2W2 N n~2 
~ f nTf)nI + T (nl f) ~~~ + ~~(nT f÷n

y]
(220)

Due to the com p lex ity of the ex press i on , we shall cons i der twocases onl y. For the fi rs t case let the clock loo p and rang ing loo pmeasuremen t no i se var i ances be iden ti cal and assum e no maneuver noise ,i.e. ,

= 

~‘~c 
= L3~~~ 

~a 
= 0 (221)

and oeriodica lly-stationary .
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In thi s cas e, all the ran dom var i ables , u and T , t , T are zero.
Thus (203) reduces to ~

C T f+ f-4rn T) = Io (I rTf+~If+nrTa
)_I

r (I rTf+;Tf+nrIa)

A
= (l_A

r)C r(~
Tf+I1rTa) + 

~~~

. 

n=0 ~r~~
Tf4m rTa) (222)

and the var i ance of C r is

r (1rTf If+nrTa) 
= ~

2 (~Tf
+ n I )  = 

N~~2 A )  ~ . (223)

For t he secon d case we assume

nr = m = 0, Ar = Nr 
= l~ p > .99, ~ = N = 1r >‘ 1 . (2 24)

Because the lar ges t variance occurs at £=N 1, th i s is the most
important case to investigate. In this case, because the va lue of p
is close to unity ,

— A
0 

~~ N T ~~ (225)

• and (203) reduces to
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r I  I2
r j f~~

Tf+n rTa) ~ 
- 

k
L

l 
(I

r+~
+N
~~k) 

~~ u(-N ÷k-l)

2
+ 

k~1 
[(I +i-k)2 ~~ +

- 

c r Tf f NTIf) T E (IrIf+iIf~N T f ) N T f

N 21 1
+ ~ (N - k ) 2 

~~.f u(-N +k-1)
k=l I I

+ T (-N If)+T (~N T ) N T ÷T (0)+~~( T )

I +i+~ 2r I I
= - (I +~+F-J -k)2 ~ u(-N +k-l )k= I +z+l r 2

r

1r~ N2I2 N 
12

- 

~~~ u(-N +k-1) + (N -k)2 u(-N +k-J)k=l I 
k=1 ~

- T ( I T
f+~Tf- N T ) f  (I T + ~T N T )  N T f

+ T (-N Tf) + T
~( N l f ) N T f + T

~
(0) + 

~r
(
~rIa)

(226)
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Then substituting £ = N into (226),

N

C r ( I T f+N If+nrTa) ~ 
- 

k~l 
[(N

~~
k)2u(I r+k~l)+N

2u(k
~
l)+k (2N

~~
k)

T2

u(-N +k-l)] 2.!.

- T(I If) 
- 

C~~ r f ~~If

÷ T
~
(_N

1Ti) 
+ C~ f) f + 1 (0) + 

~r
(
~rTa) (227)

and substituting N1=I r into the right—hand side of (227) and taking the

expected value of c~ , we obtain

-~~ r (IrTf+NTTf+nrTa) 
~ ~~i 

[(Ir~k)
4+I

~
+k2(2I r~

k)2] ~~ (lp
2)~~

+ 3P1+4P2IrTf+2P3I~
T
~ 

+

+ 

k~1 
E~~(k~1)[(I~~k)2T ( I Tf)

or 

+ I
~~ 

(IrTf)IrTf] I~~ (228)
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I 4

r r Tf~~T
Tf+0 rTa k~l

[ r
4+1 2(21 r~~~

2
1 
If 2 2

+3Pl + 4P21 Tf + 2P 3I
2T~+cy~

+ 

k~l 
[(Ir )

2~ (~~ +1)1 1 (1 -k+1)I T~]

(22 9)

where use has been made of (191 ) and (192). In applying Equation (191),
terms are neg lected if £ >

Gra phs of the ranging loop error variance , Equation (229) are shown
in Fig ures 22 and 23. If the propagation delay is assumed to be .25 sec .
then Figure 22 appl i es for Tf = .01 sec. and Figure 23 for Tf = .001 sec.

From the two cases consi dered , we can obtain an approximation
for r r Tf~~I

hf+flrTa) when Nr 
> 1 by rep l ac in g 

~~r 
with r~~r 

in
Equa tion (229).

• For the case of a maneuver ing terminal and stationary satellite ,
deriva tion of the ranging loop ti m ing error fol lows essential ly the same
procedure as described above with the following changes : Ihe equation
for the effects of a propagation delay change C1, (Equation (194))is rep laced by

C ( ~ ,I + &) = To(Irlf+~Tf+flrla
) - To(9.Ti+nrla)

+ Io(IrTf+tTf+nrla_T) - To(Lli+nrla_t ) (230)

and the gain factor A0 (Equation (209)) becomes

A0 = 0 (231 )

i.e., no open i oop (predicted) velocity or acceleration corrections are
needed since any change in range for the case of the stationary
satel l ite is immediately evident at the termi nal .
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In the steady—state , the expected ranging 1oop timing error crs is
st ill given by Equation (216).  However , the equation for calculat ing
the variance of the rang ing 1oop timing error becomes

£rUrhf~~
Tf~~r

Ta) 
= (l_A

r)C r(tT f+nrla)

+ (l_A r) E~
If _ M If)+t (ilf-N T f)

+ T ( ~lf-N T f) 
1 I~~

- 

E 1 rTf+&1f N T  t(I Tf T~~NI~)

+ ~ (I Tf+&Tf-N T f) 
m 

T~~

A Nr
_ l 

n i T
+ N n~0 

[(nT Tf)+~~(nT~-N I f) ~~~

A N r
_ l E n2T2

+ c n~0 Le Tf )+t nlf )n rla + (nlf ) ~~~~~~~~~~

+ 
~r

Tf+nrTa~~ 
. (232)
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For the case

£ = N.~ = ‘r ’ A = N = 1 , 
~r 

= 0 (233)

the variance is

r r Tf~~
hf~

1rTa) ~ 
+ 

~r (234)

wh ich corresponds to Equation (229 ) of the stationary terminal case.Curves of P
1/~~ vs . r~ we re gi ven p rev i ousl y in Section C (see Fi gure 8).
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SECTION V
UP -LINK TIMING - EXTENDED ANALYSIS

A. Introduction and General Analysis

This section presents a more complete analysis of up-link timing
error including development of a model applicable to both the stationary—
satellite moving — terminal case and the stationary —terminal moving —
sa tell it e case. An optimum form of augmented open loop coupling from
the clock l oop to the ranging loop is developed (needed only in the case
of the moving satellite) which differs from that utilized in Section
IV-F in that only an acceleration term ~T ) i s us ed ra ther than a com-
bination of acceleration and velocity (T0~. Thi s is possible since a
constant satellite ve l ocity (zero—acceleration) produces a constant
offset in receive cloc k and up— link timing which is compensated for by
the coarse rang ing system during initial lock-up. Thus no tracking is
required to compensate for the presence of a velocity term and only the
accelerat i on term i s nee ded . El iniination of the velocit y term should
reduce the no i se coupled from the clock 1oop to the rangi ng 1oop and
hence resul t in reduced error variance under noise-limited operatirg
conditions. The anal ysis of th i s  sect i on also re ta i ns additi onal cross
correl ation terms not included in the previous analysis and conse-
quentl y should p roduce n~ re accurate results. Typ ical data and compar i-
sons with data from the analysis of Section IV-F are given in Section VI.
Add ittonal notation used in the subsequent anal ys i s is:

R(t) “~ distance between the rel ay and a user terminal

0(t) a del ay function defined as 0(t) R(t)/c
where c is the speed of li ght

dd(t ) ~ down—l ink delay
dt (t) ‘~ round-trip (total ) delay = I

d~(t) ‘
~~ up— l ink delay referenced to the receive time base:

d
~
(t) 

~ 
dt(t) - dd (t)

t (n)~s time of occurrence (receipt) of the n-th ranging pulserp in a burs t of Nr successive r ang ing  pulses

T0,, ~ rangi ng loop process ing delay

T F “~ frame duration = NFT f where T~ is the sub frame dura t ion , and

‘
~ Number of subframes per frame.

L 
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Also we have

~ 
T~(t)-T~(t) (235)

T~(t)-T~(t) (236)
and

~rc (t) ~ 
Tc(t)~

Tr(t)=T (t)
~
Cc(t)~

Ir(t)=E (t)
~

E (t)  . (237)

I t is assumed that the clock frequencies in various parts of the system
are related by

f =f =f =f +Af (238)r c o  a o
and

~s~~a (239)

where

‘
~ rangin g loop code generator clocking frequency
‘
~~ clock loop code generator clock i ng frequency
‘~‘ assigned code generator clocking frequency

f 5 ‘~ effective code generator clocking frequency associated with
the network cloc k s ig nal radiated by the satellite (relay)

A model of the two-loop terminal synchronization system with simple
cross stra pp ing applica b le to the stationary satell i te case is given i n
Figure 24 and an illus tration of the delay function vs. time for a typical
terminal maneuver is gi ven in  Figure 25. From these figures we obta in

dd(t) 
= D(t) (240)

dt(t) 
= dd(t)+ ”d u (t)”~

D(t)+D(t_2D(t))+Oo(t_2D(t))[D(t)_D(t_2D(t))]

(241)

I0(t) 
= 0(t) (242)
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CLOCK LOOP

T~(t )  ,<->.
~ r~~ i

~

CROSS~’r
S TR A P

+ AVERAGE
- NI SAMPLES A , +

t ,~~( t)  
+

+ 
RA NG I N G  LOOP

+ 
DELAY DELAY 

+ I
Ir (t) + d d + S

T0(t) T0(t)— ~~ t

Fi gure 24. Model of the IDMA synchronizer for the
stationary satellite case.
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K d (t) = D (t)\ d

>.
4

— —

0

‘
~1
D(t )  — D( t—2D ( t ) )

450 45 0

— —  I I ~~ ‘I I t TIME
k —“ d~

(t)
~ ——— )i.j-i( 

~
___ dd (t )

k d t ( t )
4 — 2D(t ) -

Fi gure 25 . Dela y functions for the sta t ionarysa tel l ite case .
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and

T (t +1 ~~= I (t ) + I (t +1 ) - T (tr o F’ r o o o F o o

+ I
o(to

+TF~
dt(t+I F )) - T0(t ~dt(t )) -

- [T (t +IF~
dt(t+T )) - I (t

~~
dt(t)) + TF]

N
+ 

~~ n~i 
{Tc(trp (n)) - Tr(trp (n)) - t

rn t rp n~
] (243)

where

< [t + 

~t
(t

cr fl < + 

~F 
(244)

tcr ~ 
trp~~r

) + TDr (245)

and

o
t(t) D(t) + D(t+2D(t)) + D(t+2D(t)) [D(t+2D(t))-D(t)]. (246)

It follows that

e (t +TF) 
= c(t )- Cc (to F_d

t(to+TF)) ÷ Ec(to
_d

t(t0
))

A Mr
+ 2 

~~~~~ 
- 
c n~l ~~r

(trp (~~ 
- Cc(trp (n)) - trn (trp (n)) ] .

(247)
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Similarly, from Figure s 26 and 27, for the stationary terminal case
there results

dd(t) u(t-o (t)) + O(t - u( t ) )  [D( t )-D( t - U(t ) ) ]  , (248)

dt(t) 
= 2dd (t), (249)

10 (t) 
~ 

D(t_ d d (t)), (250)

and

T( t+T F) 
= 1( t ) + 2{D(t

O+IF
_d

d (tO
+TF)) - D(tO

_d
d (tO

)) ]  - ._~ 2. TF

- EI (t +TF~
dt(

t+T F )) - T (t -dt (t )) + 

~~~~

A N
+ Nr n=l 

[Tc (trp (n)) - Ir(trp (n)) — trn (trp (n))]

(251)

where

< [t r+ ó t (t
cr

)] < to+T F (252)

r trp (N r ) + TOr (253)

and

2[D(t-4-D(t)) + o(t+D(t))[D(t+D(t)) - 0(t)]] . (254)

Since

I0 (t) 
~ 

D( t_ d d ( t ) )  (255)

it follows that
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ELAY + D

~
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~~~

t

Figure 26. ~1odel of the IDMA synchronizer for
the stationary termin al case.
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14: dd ( t )—  )p t TIME

Figure 27. Dela y functions for the stati onary
terminal case .
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r

c (t+T F ) = c(t ) - cc (to+TF
_d

t(to+IF ))+ C (t _ dt ( t ))

Af A N

+ 2 
~~~~ 

T
F 

— N~ ~~~~ 

[Er(trp (n)) — Cc (trp (fl)) — trn (trp (n))]

- A (t
~

s
~
TF) 

+ A ( t ) (256)

where

a ( t) ~ T~ (t) - T
0(t~

dt(t)) . (257)

Then by noting that

~ 
A
o
(t4i5~ (t)) (258)

A
~
(t_d

t(t))
= A

0(
t_d

t(t))+ o~
(t_d

t(t)) 
= A (t) (259)

where the prime indicates an equivalent term shifted to the opposite end
of the delay bl ocks (dt (t) = dd (t) + du (t)) the equivalent model of
Fi gure 28 is obtained .

The effect of the term A0(t+~t(t)) in the preceding model (Figure 28)
can be minimized v i a addit ional open loop corrections. Assume tha t such
correc ti ons are made every If/Na seconds and tha t ta represents acorrec ti on ins tant. Ideall y, the open—loop correc tion at t=ta+Tf/r~a would
equal Oa(ta+tf/N a ) where

Oa(ta+Tf/M ai 
= - ~A [(t +Tf/ N )  + 

~t
(ta+hi~~a~~

j -

- T(t +Tf/ N )  . 6t(ta+Tf~
Jai 

. 
. (260)

Since T0 is not knowfl exact ly,  the added open loo p correct ions can , at
best , be est ima tes , °a’ where

I
¶

U
a

_ _  

‘ o t W~a

83



- ~~~~~~~~~~~~~~ — - -••-•-- --~~~~~~~~~- — -~~~~~~---~~~~~~~~~~~~ --~~~~~~~~~~~~~~ • • •

~~~~~~~~~~~~~~~~~~~

. 
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KA L M A N  FILTER

CLOCK LOOP

1, CROSS ...’r
STRAP

~~~~~LX~~~~~~~~

3

GING
~~~~

P

T0(t) +

Figure 28. Equivalent model of the TDMA synchronizer
for the stationary termi nal case.

The addition of this term via an augmented cross strap from the cloc k
loop to the ranging loop is shown in the augmented model of Figure
29.

An equivalent mode l for the IDMA synchronizer w i th augmented cross
strap is g i ven in  Fi gure 30. Although appearing somewhat more complex
than tha t of Fi gure 29 i n that there is a cer ta in amount of redundancy
in the arran gement of s i gnal inputs and function blocks , i t is more
amenable to the analysis to follow and is applicable (by setti ng appropri-
ate terms to zero) to the stationary satellite case as well as to the
stationary terminal case. From Figure 30 we obtain
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~~~~~~~~~~ 
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_ _ _ _ _  
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___
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AfO t

Figure 29. Au gmented cross strap model of the TDMA Synchronizer
for the s ta t i onary  termi nal case.
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CLOCK LOOP

;(t)

A UGMENTED
CROSS
STRAP

+ 
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Figure 30. Equ ivalent augmented cross strap mode l of the
TDMA sync rhonjzer.
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T(t +TF ) = 1( t ) + T
o(t

+TF) 
- T

0

(t
0
)

+ TQ(to+TF~
dt(to+IF )) - T0(t0~dt(t0

)) - 

~a 
TF

- [T (t +TF~
dt(t+T F)) - T (t~~

dt
( t )) + 

~~~~ 

IF]

N
+ 

~~ n~l 
[Ic(trp (n)) - Tr(trp (P)) - trn(trp (n))]

+ Q(to+IF) 
- Q(t

0

) (262 )

where

t + 

~t~~cr~ 
- IF 

< to 
< t + 

~t
(tcr ) (263)

~
tcr = trp (Nr) + (264)

4
t+D(t)) + b(t+D(t)) [D(t+D(t)) - D(t)]) (265)

I
F 

> dt + (Nr
_ l) T~ + TDr (266 )

Q(t) ~ T0(t) - T0(t_d t (t )) - Ta(t_d t(t)) (267)

and Ia(t) is defined in the equivalent model of the augmented cross
strap synchronizer , Figure 30. Similarly,
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Tr(trp (n)) = Tr(t~
+Io(t rp (n)) - I0(t0)

+ I
o(trp (n)

~
dt(trp(n))) 

- T0(t0~
dt(t 0

)) - ~~~~~ [t~p(~~ t0]

- 

~~ c (t rp t (t rp )) - T (t -d
~
(t )) + 4~ 

[t~ p
(n)~~t0

]~

+ Q(t rp (n))  - Q(t 0). (268)

Using this expression and the definin g equations for c..~ and Cr ,  Equations
(235) and (236), it can be shown that

N

N n~l 
[T c (t rp

(n)) - Ir(trp (fl))] = A
r

[E
r to +c

c to~
dt t

o + Q t on

A Nr
— 

~ n~i 
c (t

r p c ~
trp

) t (t
rp ( n + t rp (n))]

(N -1)
- Ar [(to

_trp (l)) - 
r I~] T (269 )

Incorporating this result in the expression for Tr(to+TF), Equation (262),and solving for e~ (t 0+I~ ) gives

Cr(t +IF ) = (l
~
A )[e (t )+c (t

~~
dt

( t )
~
Q(t )]

- 

~c
(to+TF~

dt(t o4TF)) - Q(to+TF)

A N

+ 

~~ n=~l 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I (N -1) 2Af
+<

~
Ar[(to

_t
rp (l)) - ~ 

If] + T~~ .~ -2. (270)
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From thi s expression it is evident that

~r
(to+2TF

_A
r) r(to+TF) c

(to~~F
d t(to

+TF))+~
(to~~F

)]

- 

~c
(to+2IF

_d
t(to+2TF

_ t
o+2TF)

A
+ [c (t (n)+I F )+c (t (n)+I F~

d( t (n)+T F ))
r n=l

+ Q(t (n)+T F)+t (t (n)+T F )j

I (N -1) 2~f
+ 
~~r

[(to F_ (t
rp (1)+T F fl - - 

~ 
T~]+T

j

~ —T;~
2- . (271)

Substituting the expression for Cr (to+TF), Equation (270), into Equation
(271) gives

C (t +2TF ) = (l
~

A ) 2[c (t )+C (t
~~

dt(t ))+n(t )]

- C (t +2T F~
dt(t +2T F)) - Q(t +2TF)

1 A N
+ 

~ 
(l~ A ) & 

~~

+E ( t (n)+(l_
~

)T F
_d(t (n)+ (l_L)I F ))

+Q(t (n)+(l~~ )T )+t (t rp (n)+(1
~~

)IF )]

I (~~~ 
-1) 2 f  1

+
~~r

[(to
_t

rp ( l ) )  - 

~ 
If]+I

FJ ~~~ ~~~~~~ 

(l~ A,J

(2/2)
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Continuing in this manner it can be shown that

E ( t +II1TF) = _A
r)
m CC r(t

o) c(to
_d

t(to) )+Q(t)]

- CC (tO+mIF
_d

t(tO+mT F
))_Q( tO+mIF)

m-l A Nr
+ ~~ (1-A )~~~ 

~~ L 
~~ [~~ 

(t (n)+(m
~

l
~
i)IF)r r n= l c rp

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ Q(trp
(n)+(m_l_ 9

~
)T F)+t ( t (n)+(m_ 1_ 9

~
)T F )]

I (N -1) 2Af rn-i
+ 

~~r
to t rp 0~~

_ 
~ 

If ] + IFJ)
.._
~
._2. 

~~ 

( 1_A ~J~

(273)

Clearl y, (1_A r) ni mus t dim i n i sh to zero as m i s i ncr ease d to a - large value
if the transmi t timing loop is to respond in an acceptable manner.
Consequently, a necessar y condi t i on for  a “stable ” response is that A rassume a value between zero and two :

• 
O < A ~~~~~~~~~ 2 . (274)

Assume tha t this condition is satisfied and that m equals a (any) numbe r
NI for wh i ch

(l-A )~ < < <  1. (275)

It follows that
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I N (N -i ) l 2 ~f
~r
(to+MTF) ~~

to~
trp (l)) + - 

~~

_c
c(to-*iTF

_d
t(to+MTF))

+ 
~ ~~~~~~~~~~~~~~~~~~~ 

+ 
~~~~~~~~~~~~~~~

+ 
~~~~~~~~~~~~~~ 

- ~(t 0~t~p~M) (276 .)

where

NF TF/Tf 
= ‘r (277)

NA r
S(X

~
trp~

k) 
~ ~ 

X(trp (fl) + kTF) (278)
r n=l

A Nr
S(X

~
trp

_d
t~

k) 
~ ~ 

X(trp (fl)+kTF
_d

t(trp (fl)+kTF)) (279)

and

M—l
~(tyt~p.~M) 

~ 
Q(t0

+MT~) — 

~ 

(1_A
r)
&S(Q~trp~M_ l_ i ) . (280)

Equation (276) above is applicable to the stationary terminal
(maneuverin g satellite ) case , and , by setting q (to,trp,M) equal to zero,
is also applicable to the stationary satellite (maneuvering terminal ) case.

B. Stationary-Satellite Maneuverin g-Terminal Case

Assume that q(to,trp,M) equals zero and that the mean va l ue of c~ (t),E{ec(t)}, i s negli g i b ly small for sufficientl y lar ge values of t . Then

c s(t~~~
TF) ~ 

E
~~ 

(t
~~~

TF ~ t - t (l))+~~~ - 
(N -l )~~~~ 2~:~

(281)
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TTT~ ’ T T ~~~~~

and

£rn(to~ hTF) ~ 
C (t +MT F ) - c ( t* 1 TF)

- C cn(t o~~
T F~

dt(t o~~
T F))

+ ~ ~~~~~~~~~~~~~~~~~~~ + 
~~~~~~~~~~~~~

+ S(t rn~
trp~

M_ 1_ & ) ]

(282)where

~ ~~(t) - E{ C
~

(t ) )  (283)

It follows that

r~~
t041T

~~ 
g E

~~r~
(t o4

~
T F~~ 

= 

~e~~~
to~

1TF~~t
)

M-l M-l (
~ +~ 

)1
+ 

~ 
~~~

(l
~

Ar) 1 2 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 2E 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 2 
~0

(l
~
Ar) ~~~~cn (to~ hT F t~~~~cn ~trp~M~1~i)}

+ E
~~~~

( t 4 T F~
dt )s (c ,t d ,M 1

~~~~ (284 )
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It follows from the defining equation for S(Xi tr ,k) (Equation (278))that

~~~~~~~~~~~~~~~~ 
S(t rn~

t rp ,M_ 1
:

L2~~ 
=

~~~~~ ~~~l 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

A2
r 2

TF ~t ~2 l
= 

r rn 
. (285)

0 £
2~~l

Thus

M— l M—1 (
~~+~~) I

~=o ~ =o 
(1

~
Ar) 1 2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
=

A 2 M-1 A

~~ 
°
~ rn ~~ü 

( 1_ A
r) 2& 

~ 
(2_ A

r)Nr tm 
• (286)

t Nei ther £ cn ( t ) nor C rn ( t )  are stationary in the strict sense;
conse quently, ~2 (to+flTF) depends on ( t0_d

t ), trp ( l)
~ 

and trp
( 1)_ d t ) in

addit ion to other parameters. However , the expression for the variance
of Crfl(to

+MTF) is reasonably tractable when

t rp
( 1) = (N

1 -s-~1 )T f (287 )

= NdT f (288)

and

to 
= [r

~
+(r’4l+al)+N +Nd

_ rI
F]T f (289 )
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where

0 < ~~ < 1  (290)

N1 and N
d represent constant integers , N0 is any integer for which

0 < N0 < NF - 1 (291)

and

0 < T~ < Tf. (292)

Designate the variance of Crn (to~ 1TF) when these constraints apply by
~
2 (N ,cz

1) and assume that the clock loop has been operating overCm 0
an indefinit ely-long interval of time so that

Ef
(t i +Ki T)c (t +KT~~ = E

~~~~(t l+(K +K)T )C (t +(K +K)T))

(293) H
where t1 and t2 represent arbitrary instants in time and K1, K2, and Kare arbitrary integers. Finally , define R (K ,c~) where K is an integeras 

R ( K ,a) 
~ 

E
~~cn ((K +~)Tf)C (~Tf~ 

Ecn 

(294)

Incorporatin g the notation and constraints presented in the precedingparagraph into the expression for c7 2 (tO+MTF) (Equation (284)) gives
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A 2

~~~~~~~~ 
+ (2-A~)Tç tm

fA \2 M l  M—1 (9. +9. )
N
r 

N
r

+ 2(NL) ~ ~ 
(1_A

r) 
1 2 

~ [R ((9.
l
_2.
2)NF

_ (n
l
_n
2),cli )

\ r/ ~~~~~ £
2
_0 n1 1 n2=1 cn

+ R ( (t
i~

9.
2)NF~Nd~

(n l~
n2),al )]

A M-1
— 2 ~ (1_A r)

9. 
~ [R6 (9.FIF+No+Nr

_ (n_ 1 ),al )
r R=0 n=1 cn

+ R (&N F+Nd+Mc+Nr_ (n_ l ) , czl)]. (295 )

Using this equation , it can be shown that

A
a ( c ~ Tf ) + 

~2-A ç~ t~

2A 1~r 1
+ r 

2~~ ~ (~1 -~n I~)[R (~n~ ,ct1
)+R 

~~~~~~~~(2_A
r)Nr n=_ (N

r
_ l) r

Nm
_i

+ 
9.~i~~~~

’
~~ n=~ (Nr_ l)

r hI Ecn F 1

+ Recn
( t &N F-N d+n ~~~ 

)+RCcn
(
~
NF+Nd+n Ial

2A Nr
— 

~~~~~~~~ ~~
(l_A

r)
9. 

n~l
[RCcn

(&NF+No+n~
czi )+REcn

(&NF+Nd+No+n~
cz i )].

(296)
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When

<< 1 and < (297)

~E (NO ,al) is designated as c n
(No ) and is given by

c~~~~(N 0 ) p
1 + (2_A rJNr ~

trn

K -l
+

Nr
_ l

+ 
~ 

( 1_A
r) 9. I (N _ If l i ) [2P1(&N +n)fl=_ (Nr_ 1)

+ 
~i 

( N~~~ ~~~

- ~~r 

~~
[Pl(&NF+N +n)+p 

~~~~~~~~~~~~ 
(298 )

Similarly, when

( l_ c t i) << 1 and ( l_ a i) < (299)

2 (N0 1cL 1) is designated as ~ ‘ 2 (N ) and is given by Equat ion (298 ) onC m C m ~
replacing P1(k) by p1(k) .
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C. Stationary-Terminal Maneuverin g-Sateliite Case

Now consider the case where the terminal is stationary and both
norma l and auxiliary cross-straps are implemented . Computational
difficulties are minimized by presuming that

A = N =Na=l (300)

trp (l)=(N l +ctl )Tf (301)

dt
=ó
t=NdTf (302)

and

tO=[NQ+(Nl+c
~l
)+Nd

+1_N
F)Tf (303)

where

0< ( l_ c ti) << 1 ( 304)

(1-c* .~) < ( 305)

N1 and Nd are constant integers , N0 is any integer for which

o N0 
< (N F_ l )  (306 )

and

0 < T
~ 

< I f . (307)
r

The sampler associated with the auxiliary cross strap is presumed to be
actuated at instants

ta(K) = KTf+T0+cz Tf (308)

where K is any integer , TD represents the clock loop processing delay ,
and 

~~~ 
is a positive lag introd uced to avoid the simul taneous closure

of two series—connected samplers. It is presumed that

T
~ 

<< l
~ 

( 309 )

and that

1 . (310)
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When the constraints delineated in the preceding paragraph apply,
~(t0~t~p~M) (Equati on (280)) is designated as ~1 (N 0,N1, M) and is given by

= Q[(N Q+Nd+1+Nl+c
~l

+(M_ l )NF)T f )_ Q[(Nl+~l
+(M_ 1)N F ) T ]

(311)

Usin g the defining equation for Q(t) (Equation (267)), it can be shown that

Q[(N O+Nd+l+Nl+c
~l

+(M_ 1 )NF )T f ] ~ 
Q[(Nl +al+ (M_1)NF)TfJ

+ To[(NO+l +Nd+Nl +l+ (M_1 )NF)Tf]_TO[(N l +l
+(M_ i )NF)Tf]

- 

~
To[(No+l+Nl+1+(M

~
l)NF)Tf ]~T [(N l+1 N +(M1)N )T ]~

N +l+N
- 

k~l 

d 
A N dT

~
T [ t (Nl~

Nd+k+(M~1)N )] (312)

since

T0[(K +a1)Tf] ~ T [(K+1)T .f ] (313)

when

0 < (l_
~i ) << 1 . (314)
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Usin g the foregoing expressions , it can be shown that

To[(No+1+Nd+Nl+1+(M_ 1 )NF)T f ] T0[(N0+1+N1+1+(M-1 )N F)If]

+ Ndlfto[(No+l+Nl
.il +(M_1 )NF)Tf]

+ 2
.!. SP (Nd )T O [(NO+1+Nl+1+(M_ 1 )NF)Tf]

I2 Nd
+ 2 k

I
l 
Sp (Nd_k)u[NO+l+N l

+l+k_l+ (M_1)N
F] (315)

where

K >  0
A (l-.p ) 

—

S (K) = (216)

0 , K = - 1

The latter definition makes the analysis applicabl e when Nd equals zero.
Similarly ,

To[(Nl+1+(M
~

l)N F)T f ] = To[(Nl+l~
Nd+(M~

l)NF)IfJ

+ NdTft [(Nl+l
~

Nd+(M
~

1)N F)T f ]

i2

+ 2 S
P
(N d)To[(Nl +1T ~&(M_l 

)NF)Tf]

12 Nd
+ 2 k~l 

S
P
(Nd_k)u[Nl

+l_N
d
+k_1+(M_1)N

F] . (317)
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Combining the above expressions in an appropriate manner gives

~ 
NdTf~~O [(N +1+Nl+l+(M-1)N F)T f ]-tO[(N l+l-Nd+(m-1)N F )T f])

+ 21 SP (N d)~~O
[(N

O
+l +N

l +l+ (M-l)N F)Tf]-TO[(N l +l-N d+ (M-1)NF)Tf])

T2 Nd
+ 

~~ k~1 
sP

(Nd k) 
~~
[NO+l+N l+l+k-l+ (M-l)NF]

-u[Nl +l~
Nd+k~

l+(M
~

l )NF]~

U 4-l+Nd 1.
— A N dT~ k~l 

(~
TO{(N l

_N
d+k+ (M_l)NF)Tf]

T[t l Nd k (M l )NF)]~ (318)

whenever

T [ t (K ) ] T
0(KT~) - T[t (K)] . (319)

Now,

t0
[(N0+l+N 1 +1+(M-l )N F)Tf]=tO[(Nl

+l_ N
d
+ (M_l )NF)Tf]

It (NO+l+Nd)\
+ If 1 ) To[(Nl+l_N d+ (M_l)NF)Tf]

No+l+Nd I (NO+l+Nd
_ k )\

+ 
k=l 1—p ) u[Nl+l_ N d+k_ l+ (M_ l)N F~~

(320)

and
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(N +lI
~
Nd)TO[(NO+l+Nl +l+ (ri_ l )N F)Tf] p To[(N l

+l_N
d+(t

i_])N
F)Tf]

No+l+N d (N +l+~J -k)
+ o d u[Nl +1~

Nd+k~
l+ (Ml)NF]k= 1

(321)
Since

t0[(n+l )I~] = t (flIf)+Tf
.~~(nT f) (322)

it follows that

t [(fl+9.)Tf] 
= f0(nlf) + I~ 

~ 
T0[(fl+k 1)T f ] , 1. (323)

It was previous ly shown that

~0L(n+9.)If] t (nT f)+Tf~~~~
_)

~~~(flT ) + 
k~l(~~~~~~) 

u(n+k-l~~

(324)
Thus

= 
~~~~)~~~

nTf + 

k~l 
(i~~~~~

)) 
u(n+k-l) ,

(325)

Combining the last few equations gives
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[ (N +l+N )\

~ 
N~T~ (

k
— 

1 —

~~) 

To[(Nl +l~
Nd+(M~l)N F)T)

NQ+l+N d I (N o+l+M d
_k)

+ 

k~i i-p 

~
) u N l + l N d+k 1+ (Ml)N

F~~

I (N +l+N d)+ 
~

_
~
- S~ (N~ ) ° -1) To[(N l

+1_N
d+ (M_flNF)IfJ

N + l +Nd (N +l+N -k) 1
+ 0 d u[N +l

~
Nd+k..l+(M.l)N ]~k= 1

T2 Nd I
+ 21 

k~1 
Sp (Nd

~
k)tu[N +l+N

l +l+k~
l+ (Ml)N ]

- u[Nl
+l_N

d
+k_l+ (M_l )NF]

(No+l+Nd)
- A N

dT~ (lP ~~

No+l +Nd I (N o+l+Nd
_k)

~ 
•1

+ 

k~1 c

l_p 
i-p 

~~~~~~~~~ 

u[Nl+l~
Nd+(~

.1 l )N F~

]
N ÷1-t-N

+ A N dT
2 

k~l 

d .. 
. (326)
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Equivalently,

~~~~~~ (i.~~
4
d) - A a N

~~

ç (No+l +Nd)

i-p ) To[(Nl +l~
Nd+(M~

l)N F)Tf]

N +l+Nd (No+l~
i
~
Nd

_k) 1
+ 

k~l (l~~ i-p ) u [N l~
Nd+k+ (M~

l)N F
]]

T2 N +l+Nd
+ 
~~ 

s (N~) 
k~l 

u[Nl
_N

d+k+ftt_l)NF]

i2 Nd I
+ 

~~ k~ l 
SP (Nd k) ~u[N0+l+N 1 +k+ (M—l )NF]

- u
~
Nl

_N
d+k+ (M_l )NF]

N +1+11
+ T

~
A N d 

k~i 

d .. 
(327)

Now , constrain Aa to the value

A = 

~ (~~ 
( l~P d) (328)

as further~analys is for arbi trary va l ues of Aa is extremely unwieldy .
Desj~gnate q1 (N ,N1,M) when Aa equals the parti cular value just specif ied
by q 1~ (N0,N1,M?. Then from Equation (327), it follows that
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12 INd: 
2 t k l  

[sp (Nd
)_sp (N

d
_k)]u[N

l
_N

d~
,.k+(M_1)N

F]

N +l +N
0

+ S (Nd) ~ 
u[N l

_N
d~

i
~
k+(

~
1_l)N

F]k l+N~

Nd
+ ~ S (N~—k)u[N +l~s~N l +k+(P1_l)N F]k=1 ~ °

( N~~~N0+l÷N~
+ (l÷~)~~ .~

_
~ ) k=l 

T[t (Nl
_N

d+k+ (M_l)NF)~
j
~

(329)

For the model un der cons iderat ion ,

E {u(K )~ = 0 (330)

and

E ~T (KT f
)} = 0 . (331)

As a resul t,

E
~~lP (N

O~
Ni~

M)
) 

= 0 . (332)

Designate the variance of 2~ (N0,N1,M) by c~
2 (N ) .  Using the

expressions p ‘11p 0

E~u(K 1 )u(K 2~~ = 

, K1 
= K2

K1~~~K2
and

E~~~[t (K1 Tf)] u(K 2~~ = 0 , K2 
> K1 (334)

an d the fore going equat ion for ~~~~~~~~~~ it can be shown that
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E~~~~(N ,N1, M~~

~{ Nd 
2 No+l+N d No+l+Nd

+ (1÷~)
2
~~~~~
) k~=l k~=1 ~ 

TJta l d ~~l~~
1 1)N F)]

. T [ t 1 N + k + ( M 1 ) N )]~

Nd\I No
+l+N

d k1
+ 2(l÷P)(12 

~~~
(N

d) 
k~=l k~=1 

EtT [t(N N +k +(
~
1 l)fl )]

. u[Nl~
Nd+k2+(M 1

No+l+Nd Nd C- I I S(N d~
k2)E

~~~Et ( N N + k +(~l l)N flk1 =1 k2=l 

u [Nl~ Nd+k2÷(Ml)n J~~~ . (335)

Equivalentl y,
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2 T~ Ii Nd~
l

~~.t 
~
j
~~

No
+l+N

d )S 2(N d
)_2 

JO 
Sp (k)[s p (Nd )_ s P (k)]J c~

2

+ (l+p )2 
(1

~~~d ) ~ N +1+N
d

)R
~~
(0,

~ 
+

No~
i
~
Nd T )

+ 2 

~~ 
(NO+1+f4d_9.)R~~(9.,a +

/ Nd\ No+Nd T
+ 2(l+p) c1

~ ) ~ R~ ~
(i,cx + 7 )

~ ~~0 
a

(336)

where J
R~ (K ,a) 

~ 
E~~~[(K+K 1

+~ )T fJ ~C [(K l +~
)Tf]~ (337)

~ E~~~[(K+K 1
+~ )T

f] u(K
1~~ , 0<~<l (338)

K1 and are arbitra ry integers , and

Nd Nd
_i

~ S (Nd
_k
2) 

= 
~ S (k) , u +1

= 
p 

=0 
p 0

— 

F5 (&) ~
Nd~~~~

No+1] Nd
_i

I S (Nd
_ k
2) = 

~ 
S~ (k) , > N0+1 . (339)

k2=l k=9.— (N +1 )
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The random component of the ranging loop timing ~rror for theparticular case under cons ideration is designated as C (t). From
earlier express ions , i t can be shown tha t p

~mn 1~
(t
o~~

TE~~ 
- Ccn[(N

o
+1+N l +~

Zl
+ (M_l)N

F )T f]

+ C cn [ (N
l +~l

+(M_l)N
F )T f]

+ Ccn[(N.I +a l
_N

d
+ (M_l)N

F )T f]

— ~1~ (N0~N1~M) (340)

provide d

0 < (l_a
i ) 

<< 1. (341 )

It follows that

~~~~ , (Ne) ~~ (N ) + (N ) - 2R~ (N 
~o (342)C m 1 

C m 0 ‘11p 0 ~~~~~~ 0

Ar=N =i

where

R
~ip~mn

(No)O = - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- Cc
[(N

i
+
~l+(M~

1)N F )T
f]

- C 
~~~~~~~~~~~~~~~~~ . (343)

Using the foregoing equation for ?~~ (N0,N1, M), Equation (329)), it can
be shown that p
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1
- 

No+l+N d

~
2R
~ip �mn

(N
o)O ~ T~ ~~~(N~) 

k~l Ef [(N +l+N +a +(M..1)N )I ]

Nd
- 

k~i P (d )
{cn o Nl al ( M 1 F )T f

•u[N1 ..N +k+(~1..i )NF]

Nd I
- S ( N d) Jl t c n l i F)f)

•u[N l~ Nd+k+(M~l)NF]J~

Nd r
+ ~Y S~,(N~—k)E Ccn [(N

i +cz l
+ (M_l)N

F )T
f]

u[N1 
_N

d
4k#(M_l )NF)

I Nd \N o+ 4 d (

+(l+p )~4P ) Ji E
~
•[t

a
(N

l
_N

d+k+ (M_l)NF)J

• 
Ecn

(No÷1
~~

hl l~~
1_1)N

F Tf 1

—E
~n

[(N
i +~

Ll
+ (M_1 )NF )Tf)

-c cfl[(N
l +~l~

Nd+(M~
1 )NF )Tf~~~

(344)
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Equivalently,

N +N

~
2R
~ip~rn

(N o)0 ~ T~ sP (Nd)

Nd
_l 3

+ ~ S (
~~ ) R~. (t)  - R~. (2.+N +1)]p C cn U cn U 0

I ~
1d \ (~No~Md

+ (l+p ) ~ ) 

~ 
R~~~j (L)

N0+1 rJ +l+N d 1~1
- 2 

~ 
R~~~~ (&) - 

£~N ÷ 2 
Ri~~~~(9.~

j ] 

(345)

where

R�cnu
(K) ~ E~~ [(K+K 1 +a 1 )Tf] u[K1 J~ (346)

R
~cm~C

(K) ~ Ef t (K+K 1
+~1 )Tf] TC[ l

+
~2

)T
f]) (347)

R~~~~ (K) ~ E~~~[(K+K 1~~2)T f] C [(K l +~l
)T
f)} (348)

O (1_c
~i
) << 1 (349)

0< ct2
< < 1  (350)

and K and K1 are arbitrary integers. Note that

R~ ~ (-K) 
= Rj ~ (K). (351)

c n C  C c n
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The equations developed in this section are applied in SectionVI-C to calculat e typical data applicable to up-link synchronizationfor a high data rate bit-synchronous T~ 1A satellite (relay) communicationssystem.
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SECTIO N V I
APPLICATIONS TO SYSTEM DESIGN

In this section the steady state solutions for the clock and ranging
loop timing error variances derived in Sections IV and V are applied to
determine system specifications and performance as a function of known ,
or chosen , system parameters. Since the form of the solutions obtained
earl ier is not particularly convenient for this use , different forms
are derive d , and design curves are given which permit optimum system
design with minimum effort.

In Section VI-A onl y the clock loop timing required to receive
properly timed si gnals on the down—link is considered , while in Section
VI— B the rang ing loop t iming error limits adequate for transmission are
consi dered . Because of the coupling between the clock and ranging loops,
as discussed earlier , an adequate design for transmission timing normally
results in more than adequate receive clock loop performance. Hence for
terminals involving both transmission and reception the results of
Section VI-B are applicabl e, while the results of Section VI-A yield con-
siderabl y less critica l specifications for receive only terminals .

A. Clock Loop Timin~

A typical design problem would be to determine the system parameters
required to establish communications at a given chip rate and specified
maximum error rate with a terminal whose maneuver parameters are known
or can be estimated . A method for system design utilizing the steady
state results 0f Section IV-C for a receive-only terminal employing an
augmented Kalma n filter will now be illustrated by example.

Example 1

Given : Chip Rate ( i-) = 40 Mbit/ s
Maximum Bit Error Probability = 1O~~
Maximum Terminal Acceleration (A) = 49 rn/sec2 (5g.)
Probability That Terminal will not Accelerate (P0) 

= .5
Average Maneuver Duration (1/X) = 5 sec.
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Find :

Suitable System Parameters :

= KHA = subframe time (i.e., time between system clock
samples )

= clock pulse length
E/NØ = clock pulse energy to noise density ratio

P/N0 
= received power to noise density ratio

The Kalman Gain Constants (Steady State):

K1 = range gain
Kj. = velocity gain

= acceleration gain

Other Related Parameters:

= receiver (measurement) noise standard deviation
= maneuver noise standard deviation

p = correlation coefficient
= filtered estimate (minimum) timing error variance
= predicted estimate (maximum ) timing error variance

From a previous study [1] the maximum timing jitter resulting in no
signifi cant increase in error rate is approxima tely .05i~. Hence we
choose the predicted estimate (worst case) error variance as

= (.O5~)
2 

= 1.5625 . io~
8 (sec2). (352)

From comparisons of typical va l ues the error variances and
vs. the measurement noise variance in Section III, we choose as

a reasonabl e value for

= .05A = 1.25 • 1O~~ sec. (353)

Then :

P ,1 — ~~~~ —

~~ (.05~)
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Using the maneuver model of Figure 6 and Equati on (80), with the
probability of maximum acceleration , 

~m’ 
se t equal to zero* yields the

maneuver standard deviation

1 A
= ~~~ (1 - p ) I  = 1=  _~L =  6.67 . 10-8 sec /sec 2 (355)

~~~~~L
3 0]

where c is the velocity of light.

Now from the func ti onal relat ionsh ip rela ting P1 /cY~
2 vs. rp for various

values of p , Figure 7 , and the defining relations (from Section IV )

1 /2 4c~ 1/2
= = (.~j~2~) (356 )

and

p = 1 - Aif (If < .
~

-) . (357)

The va l ue of the subframe time I
~ 

can be determined (by iteration ) in
the following mannerS Fr~m the intersection s of the curves of Figure 7
with the coordinate 

~l/~ ‘ 
= 1.0 (from Equation (354)) the values for

columns (1) and (2) of T~b1e 1 are obtained.

Table 1
System Parameters for the Solution of Exam p le 1

(1) (2) (3) (4) (5)
p r~ I

~ 
(sec) r 

~a 
(sec/sec2)

.99 0.94 .05 13.26 1.51 .

.9 6.8 .5 29.64 6.75 10
_ lU

.5 14.5 2.5 25.11 3.19 . io _ 11
0 16.2 5.0 16.2 1.23 • 10

_ l i

*Sjnce the relative acceleration between vehicl e and satellite is
dependen t upon di rection as well as magnitude , there is no reason to
believe the maximum values are more probabl e than other values.
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Corresponding values for column (3) and for columns (4) and (5) are then
obtained via Equations (357) and (356) A respectively. Then from Table 1
and the value Ga 6 .67 • l0 8 sec/sec t obtained in Equation (355) we
see that the solution must be somewhere in the range .05 < If < .5 and
.99 > p ‘ .9. Accura te i nter polat ion direc tly from Figure 7 , however ,
would be very difficult because of the few (4) applicable data points
availa ble and the non—linear spacing of the curves. To obtain additio nal
accuracy it is noted that the data of columns (1) and (2) of Table 1
yield a smooth curve which can be readily in ter pola ted i f p l otte d in
the form r~ vs. (l-p ) on a log-log plot as shown in Fi gure 31 . Additional
values for Table 1 are then computed for values of p and r~ ob taine d
from th i s curve , converging on the required value of Ga un ti l the
desired accuracy i s obta ined . The result is found to be

p = .9861
r = 1.29p

.0695 sec

r = 15.42

a 6.7 10-8 sec/sec 2 2.68t~ (sec
2) (358)

Then from Equation (77):

E 1.21 5 
_____ + 

1.476
~~

1h/
/2

8(X
&
~) [~

8(~~) ) 4( i)J
12 for square law detection (360)where C =  K

for linear detection

and substituting the values obtained above (with C=l)

122.7” 20.89 dB. (361)

If we now choose the number of slots per subframe

K = 32 (as in the present system) (362)
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( I — p )

Fi gure 31. Filter parameters , r vs. (l—p), for ~1 /a~
2 

= 1.0 .
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Then the timing pulse (slot) length becomes

= Tf/K = 2.172 e l0-~ sec (363)

and the required received power to noise density ratio is

E/N
P/N0 

= —
~~

-
~
-
~~ 

= 5.649 . l0~ H~ 
47.5 dO Hz . (364)

The Kalman gain factors (steady state) needed to implement the
filter , KT, K?- and K~, and the standard deviation of the timing error
just after a data point is received , (P 1)l/2 , can be foun d from
Figures 8, 9 and 10 for the values of p and r~ as determined above.
Difficulties in interpo lation are enc ountered here also , however; and so
aux illiary curves of KT, KtTf an d K~Tf

2 vs. (l—p ) are first drawn using
points obtained from the intersections of the given curve s wi th the
coordinate r,, = 1.29 as obtained above . The resul tant curves are
g iven in Figure 32 (together with si m i l a r  curv es for exampl e 2, below).
From these curves , for (l-p ) .0139, the values

p
1KT = .

~~~~

. = 497

KfTf = .167

K~Tf
2 

= .029 (365)

are obtained from which

KT = .497 , K~ = 2.40 (sec~~), K~ = 6.00 (sec 2) (366)

and

(~l )~~
2 

= 8.812 • 10~~ sec = .O35~ . (367)

Example 2

Th i s exam ple is the same as Exam ple 1 except the Bi t Rate has
been in creased to 80 Mbp s. Resul ts are obtaine d as for Exam p le 1
util i zi ng the auxi ll i ary curves of Fi gures 31 and 32. Parameters f or
this example are compared to thos e of Exam ple 1 i n Table 2. It is
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Figure 32. Ka l man gain factors vs . (l-p ) for examples 1 and 2.
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inter esting to note that wh i le a decrease i n subframe time (i .e. - the
time between network clock pulses) and an increase in received power
to n oi se densi ty rat i o are requ i red , as expected , for the higher code
rate , the rela ti ve chan ges in these parame ters are rather small
compared to the relative change i n code rate. Hence i t appears tha t
maintaining adequate receive clock timing accuracy while increasing
the code rate within reasonable limits should not be too difficult when
a Kal man fi l ter is employed i n the clock 1oo p . The l arge num ber of
code ch ip s per slo t for both examples permi ts long codes to be used
effectively and a hi gh degree of spectrum spreading to be employed if
des i red , wh ile maintaining reasonable signaling rates.

Tabl e 2
SYSTEM PARAMETERS FOR CLOCK LOOP SYNCHRONIZATION

Parameter Examples 1 & -3 Example 2

Code Ra te (l/~.) 40 11bps 80 11bps

Max. Timing Error Std . Dev . (~ l )~
’2 .05A (same)

Measuremen t No i se Stn. Dev. (a
c
) .05A (same)

Max . Term inal Acceleration (A) 5 ;. (same)
Maneuver Rate (x) 0.2 (hianeuvers/sec) (sane)
Maneuver Noise Std . Dcv. (aa) 2.68~ (se c 2) (same)
Correlation Coefficient (p) .9861 .9896

1 1/2
r = r(’~~-) 1 .29 .997

40
r = 

~~~~ 
15 .42 13 .789

O T f

Subframe Time (Tf) .0695 (sec) .052 (sec)
— E/N0 20.89 dB (same)

Slo ts/Subframe (K) 32 (same)

Timing Pulse Length (Ms) 2.l72 10~~ (sec) l .625.lO~~ (sec)

Code Chips/Slot (11) 86,880 130,000

P/N0 47.5 dB (Hz) 48.78 dB (Hz)

M m .  Timing Error Std . 0ev. (~ l)~~
2 .O35~ .O351t~

Kj-(range gain ) .497 .493

~~~~ K-~ (velocity gain) 2.40 (sec~~) 3.26 (sec 1 )

Kf (acceleration gain) 6.00 (sec 2) 10.17 (sec 2)
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An iterative procedure is require d in solving the above examples
because the principal unknown , Tf, appears implicitly in both the
parame ter r~ (see Equation (356)), the abscissa of Figure 7, and in
p(see Equation (357)) which identifies a particular curve of the
family. This difficulty can be avoided by calculating and plo tting
the Kalman gai ns and error var i ances as a funct io n of a new vari able
rs which contains only known parameters

a A 2

r5~~~—~---—- . (368)

Also it is convenient to specify each curve of the family by the
parameter

AT f = l-~ (from Equatio n (357)) (369)

since this leads to more uniform curve spacing and facilitates
interpolation as noted earlier .

Since the orig inal solution (Equation (118)) was obtained as a
function of the variables p and r , to obtain the desired curves an
expre ssion relating the new varia~le r5 to r~ and p is needed. This is
obtained by combining Equations (356), (368) and (369) r e s u l t i n g  in

1/2
= 

( 1 ) 2 
r ~~~ P) 2 (

~
) r . (370)

Curves of the Kalman gains and error variances vs. r5 are given
in Fi gures 33 throug h 36. Examp le 3 below illustra tes use of these
curves in sol yin r~ the system des i on probl em of Example 1

Examp le 3

From Examp le 1:

= .O5~ = 1.25 l0~~ sec (371)

6.67 l0 8 sec/sec2 (372)

A = .2 maneuvers /sec (373)

and
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= 1.00 . (374)

Then from Equation ( 368) :

2

= —h— = 7.50 lO~~ . (375)

Using the values from Equations (374) and (375 ) as coordinates ,
we find from Figure 33 (by interpolation between the given curves)

ATf ~t .014 (376)

and from Figures 34-36 , (fo r r5 = 7.50 . l0~~ and ATf = .014)

~ .50 (377)

KtTf ~ .17 (378)

K~Tf
2 

~ .028 (379)

which are in good agreement wi th the val ues obtained in Example 1 .

Since , as noted in Exampl e 1 , the system subframe time , Tf ,  is the
princ ipal unknown in a typical System design problem , the effects
of pa rameter variations upon system desi gn can best be illustrated by
studying the effects of parameter variations upon the subframe time.
Curves of the system subframe time versus maximum terminal acceleration
are given in Figures 37-41 for a variety of system parameters. In each
figure a specific parame ter is varied (while others are held constant)
to obta in a family of curves , thus showing the effects of this
parameter upon the resulting subframe time . These curves were obtained

a computer i teration technique converging to specified va l ues of

~1/a~ 2 essentially by the method of Example 3, above. The values of
Tf thus obtained represent maximum values which may be used to achieve
the specified timing jitter within limits set by the other (fixed)
pa rameters. 
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From the data of Figures 37—41 , in the range of par imeters con-
sidered , the ~ibframe time is given approxim ately by

Tf~~ k f1 A 19 (l-P 0y~
21 A~~

41 ~.42 (380)

where k i s a cons tan t, f1 is a ra ther comp lex func ti on of ~~ and 
~l.an d the other symbols are as prev ious l y def i ne d. From the fun cti onal

dependence of Tf vs. ~ (also Table 2) we note that while increasing the
code rate (decreasing i~) requires a decrease in the subframe time as
expecte d , the num ber of code ch ips per su bf rame ac tua l l y i ncreases .
Th is increase is not 11free’1 however , since if the ex tra ch ip s are to
be used to carry information (rather than simp ly to increase the
spectrum spreading ratio) then the received power will have to be
increased to maintain the necessary signal to noise ratio prior to
detection.

B. Up—L ink Timing

An expression for the mean steady state up — link timing error for
the stationary terminal (i.e., worst case) was developed previously in
Section IV—F , Equation (216), and typ i cal examples of the assoc ia te d
delay function responses were given in Figure 21. Thi s figure represents
conditions fçr which the satellite velocit y relative to the terminal is
a cons tan t, r, (range increasing with time ) while the acceleration is
zero (i.e., the terminal is not maneyvering). The rate of chan ge of
propagation path delay is then tc~ n c  where c is the velocity of
propagation. The subscript s in Figure 21 indicates expected values ,
i.e., the effects of noise are no t i nc lude d.

Physically, the curves of Figure 21 can be interpreted in the
fo l l o w i ng manner . The curve T05(t) represents the actua l path del ay
versus t ime , w h i l e  the curv e Tcs(t) represents the clock loop (with
Kal man filter) estimate of this delay. Hence the cl ocL loop timing
error , less the effec ts due to no i se , is given by the difference in
delay between these two curves at any point in time . The mean error is
seen to be zero due to the prediction capabilities of the filter and
the metho d of error corr ect ion used . The maximu m absolute error due to
the discrete corrections in clock frequency is given by

/ AT \ IT
- 

cf ~~ç f (381Ccs ~ os ~~~2i~

and hence can be kept small (for a given clock frequency offset) by
Thoos ing the number of clock frequency corrections per sampling
i nterval , 

~~ 
su ff i c i ent ly  l a r ge.
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By analogy to the abo ve we would like to consider the curve
Trs( t )  of Figure 21 as the rang ing b o o  est imate of the prop aqati~~delay but , unfortunately , this is not the case since an ac tua l  delay
estimate is not derived in the current rangin~ loop implei~entat ion.
The curve Trs(t), wh i ch represents the timing function (sampling due
to discrete rang ing pulses neglected) at the point T r( t )  in Figure 19 ,
is simply related to such a delay estimate however , and w i l l  serve as
,~iell. By considering the nidel of Figure 19 relat ive to the physical
si tuat ion , it can be seen that a ranq ing loop estima te of the propa-
gation time delay could be obtained as

T
Pd (t) = T

05
(t)  - (T ( t )  — T 05 ( t ) )  = 2 T 05 (t)  — T

rs
(t)  (382)

i.e. , each point on the curve T pd( t )  is the vert ical  ref lect ion of the
corresponding point on T r s ( t )  (same va lue of t for both points) about
the curve T05 ( t ) .  Hence the rang ing loop timing error is (except for
a si gn reversal) given by the difference i~ time delay for the curves
T rs ( t )  and T05 ( t )  at any time t , analogous to that of the clock loop.

As indicated in Fi gure 21 , measurements made of the ranging loop
timing error ( re la t ive to the clock loop estimate T~5(- t ) since the
actual value T 05(t ) is not ava i lab le )  at C and D are averaged and
a correct ion made at D which would , in the absence of propagation
delay , superimpose the curves T rs (t)  and T cs ( t )  at that point (within
l imits -set by the average value re;~ t ive to the value at 0).  However ,
because of the round trip propagation delay, r , this correction is not
seen in the curve T rs(t ) until t seconds later , at which time , due to
clock osci l la tor  offsets , the correction wi l l  not , in general , be
the required amount to superimpose the delay functions. Thus the mean
ranging loop timing error is , in genera l , non-zero because of (1) the
effects of discrete clock 1oop corrections and corresponding open loop
corrections to the ranging loop upon rang ing loop error measurements
( i .e., the small steps in Tc~ ( t ) and T rs( t ) of Fi gure 2 1) and (2) the
effects of propagation delay and clock oscillator offsets upon the
subsequent closed loop error corrections (the large saw tooth waveform
in Trs(t)).

Note that the open loop corrections to the ranging loop are delayed
in the response T rs (t) re lat ive to the c loc h loop by i seconds , as is
the closed l oop correction. Thus the alignment of the offsets in
lrs( t )  re lat ive to those of Tcs (t )  is dependent and could take on
any value as the terminal -sa te l l i te  range is varied . If we assu me the
error measu rements are made near the tines nT f (n an integer ) in
Figure 21 so that the error be tween T cs ( t )  and T05(t) may be neglected
(in the present system error measurements are made for
(n + l/16)Tf<t< (n ÷ 1/4)Tf, depending upon the link range slots assigned
to that particular termi nal), then the maximum error due to the

1 31
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d iscrete open loop corrections (fo r a non-maneuvering terminal) would
be given by Equation (381). For non —optimum sampling times the maximum
error could be twice this amount.

From Figure 21 , the maximum ranging loop timi ng error due to the
effects of propagation delay and clock oscillator offsets on the
closed loop corrections is found to be

(aT +

~rM 
-
~~~ Tf ) 

( I T f + ~~) (383)

and the mean error due to this cause is

‘\T +~~T I T  -

~rm 
= Tf 

cf) 

~~~~~~~~ 

* 
T) - (384)

Thus to reduce this error (since we no rmally have no control over the
propagation delay T), we must minimize the clock oscillator offsets
(i.e. , use adequately stable clocks in both satellite and termin als) and
keep the frame length IrTf short , consistent wi th othe r requirements .

Expressions for the ranging loop timing error variance , including
the effects of measurement noise and terminal maneuver statistic s , were
developed previously: Equations (229 ) and (234) of Section IV and
Equations (298) and (342) of Section V. Assuming the mean error can be
kept sufficiently sm all by appropriate choice of parame ters as discuss ed
above , the error variance becomes the crucial design criteri a as for
the clock loop timing of Section A (the mean error for the clock ioop
i s zero , as noted above), hence a pp l i c a ti on of these var iance  equa ti ons
to system design will now be investigated . The development essentially
parallel s that for the clock loop (down -link) timing of section A ,
except that an additional parameter , 1r~ 

the number of subframes per
frame (which together wi th the subfranie length Tf determines the frame
length , IrTf) must be considered . Also , hr. the number of ranging
pulses per burst to be averaged in de termining each closed loop
correction , is assumed equal to one in the basic analysis wj~th cor—
rec~ ions for other values of hr to be made by replacing a~r~ with

~-‘~r 1~r as no ted previously in Section IV— F .

Curves of normalized ranging loop timing jitter versus r for the
stationary terminal case (from Equation (229)) were given in Figures
22 and 23 of Section IV . However , direct application of these curves to
system design is not convenient because of the implicit depend ence
upon Tf nf both r and as noted prev iously for the case of clock loop
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timing, Sect ion A. Hence curve s of nor ma l i zed ran gi n g loop timing
jitter vs. r5 (see Equations (368)-(370)), which are more directly
applicable , are given in Figures 42 through 44 for different values of
1r• Application of these curves to system design will be illustrated
by an example.

Ex amp le  4

Given : Bit Rate ( i-) = 40 tibps
Maximum up-link timing jitter 

~° r~ 
= .05a

Meas u rem en t no i se standa rd dev i a ti on (a~~ 0
~c T~ 

.0375a

Rang ing pulses per burst (Nr) = 1

Probability that terminal will not accelerate (P0) = .5

Maneuve r rate (x) = .1 maneuvers/sec

Max imum terminal acceleration (A) = 9.8 rn/ sec2 (1 g.)
Num ber of subfrarnes/frame (In) = 32 (or greater).

Then t e  normal ized timing jitter is:

2 
- 

2), 2 (.05a)2 - (.0375a)2 = .7778 (385)t r  ~c (.0375a)

from Equation (355)

= A = 9.8 
= 1 .334 b0~~ sec/sec 2 (386)a -~i~ 3.l08/~

an d from E quation (368)

.2 - -

r = ~~~~= .03 75 .1’ = 7 02 l0~~ . (387)
S a a 40.106 l .~ 34.l0 8

Then from Figure 42 (for 1r 32 ) ,  using the coordinate values from
Equations (385) and (387) we obtain (by interpolation between the given
curves )

Tf ~ .00084 (388)
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Then

Tf = .00084 8.4 rnsec. (389)

The franie length is then

IrTf = 32 - 8.4~ l0~~ = .269 sec. (390)

From Section IV (see Fi gure 20) we note that , for stability , the
frame length must exceed the round trip path delay which , for a
sync hronous sa tell i te , varies from about .239 to .279 sec. as the
terminal mo ves from the sub-satellite point to the horizon. Conse-
quen tl y the a bove value mi ght be considere d mar gi na l .

We no te, from Fi gure 43, that i f we al l ow I ,- = 64, rather than
the original va l ue of 32 as given above , the resul t  i s

ATf = .00051 (391)

Tf = 5.1 msec (392)

and

m rTf = .326 sec (393)

wh ich is adequate for all cases. Hence we choose these values .

The receive d ranging bit energy to noise density ratio may be
found , if desired , from Equation (359) and the given value = .0375
as

E/N0 = 23.37 dB (394)

and if we choose the number of slo ts per subfrarne K=32 then the rang ing
pulse (slot) length is

= Tf/K = 1. 59 l0~~ sec (6375 chips) (395)

and the received power to noise density ratio is

E/ N
P/ N 0 = _-~~~~ -~~. = 61 .3 dB Hz. (396)

137



The maximum clock loop error variance and the Kalman gain factors
may be obtained from Figures 33 through 36, as in the p revious sect i on ,
using the values of AT1 and r5 as obtained above. The resul ts are

= 4.6 l0 2

KT = Pl’~~ = 4.4 . l0~~ (393)

K.~ T f = 9.8 l0~~ (399)

K~ Tf
2 

. l0~~ (400)

from wh i ch

K~ = 9.8 . l0~~/5.l - l0 ’
~ = .1 92 (sec~~) (401)

K~ = 1.1 l0~~/(5.l 
- 10:3)2 = .423 (sec 2) (402)

and the standard deviation of the cloc k loop timing error (maximum) is

(~ l )
l/2 = [4.6.l0 2(.0375a)2]1/2 = .0o8O~ . (403)

Alternat ivel y, we mi ght have decided to retain the value 1r=32
in the above exampl e and increase the permissible subframe time Tf bychoos i ng Nr=2 (i.e., ~y averagin g 2 ranging pulses per frame). In this
case by repl acing °~r 

with acr
2/Nr in Equation (385) we obtain

~~ r
2 

- 
r
2

~~ r~~°~ c
2 = 1.278 . (404)

Using this value as the ordinate , together wi th r5=7.O2 - l0~~ ( from
Equation (387)), we fin d -from Figure 42

AT ~ .0011 (405)

/ then

Tf = .0011 /A = 11 ms (406)
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and the frame length becomes

I I = 32~l1~ 10~~ = .352 sec.r f

Now , if the 2 ranging pulses are spaced a subf rarr~e (It) apa’t as
indicated by Fi gure 20 (Section IV—F), then we must h’i v

I rTf 
> r + T f ( - 4o-- ~)

whe re

Tmax + Tf = .279 + .011 = .290 sec . (409)

Hence this alternative is also satisfactory. The rem aininq ciuantit ies
of interest may then be found , if desired , as in the above example.

It can be seen , from Equation (229 ) and Figures 42 -44 , and similarly
for Equations (234 ), (298) and (342) that there is a definite limit on
the value of measurement noise permissible to obtain a given maximum
ranging loop timing j i t ter .  To obtain a solution we must have

- 1
~ r

2 
r~~~ c

2 
> (410)

from which

<~~~ V’T[ . (411)F~r er r

Th is definite limi t did not exist in the clock loop since the Kalman
f i l ter use d in tha t loo p essent i al l y prov i des opti mum avera gi n g over
a l l  p revious sam p les rather than the discrete number of samples , Nn,
used here. To obtain reasonable solutions we would expect to find the
normalized timing jitter to be near unity , and almos t cer ta i nly in the
range

io 2 
< 

~°~r 
- 

r
2
’~r~~~çc

2 
< 10~ - (412)

A similar solution could be obtained for the stationary satellite
case from Equation (234) and the curves of Figure 8 using essentiall y
the me thod of Exam ple 1. However , this solution will be obtained as
one term in  the solu ti on for t he more exac t ex press i on , Equation (298)
hence th i s equa tion w i l l  now be eva lua ted .
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C. Application of The Extended Up-Link Timin g Anal ys i s

1. Stationary satellite , maneuvering terminals

If we let

A = = 1 (413)

(unity rang ing loop gain constant , an d a sin gle rang ing pulse per
measurement)

and

No = N d = N F
_ l  (414)

(variance computed just prior to receipt of another ranging pulse ,
and path delay ~ frame len gth)

where NE 1r = the number of subframes per frame

analogous to the special case (essentially worst case) considered in the
preliminary analysis for uplink-timing, stationary satellite case; then ,
with appropriate changes in notation to facilitate comparison wi th the
previous anal ysis , Equation (298) reduces to

O r
2 

- °~r
2 

- f~l (1r~~ 
P1 U )~ ~i

(21 r~~
2 

— _.—
~~

- + 2~ 2 
- 

2 ( r 2 — 2 (415)
a a a a j a

~ ~c ~c J

(where the subscripts r and c on the a~~s refer to the ran gi n g loo p and
clock loop , respectively) while the normal i zed form of Equation (234)
from the preliminary analysis is

2 2o - G  3Pcr ~r_ ~ 1 —

2 ‘

~~0 0

The first term on the right hand side of Equation (415) (and the only
term of Equation (416)) is simply 3 ti nes the normal ize d clock loop
timing fi ltere d error var i ance , or from Equations (121) and (127),
3 times the Ka lman gain factor KT.
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The second and third terms of Equation (415) may be evaluated using
Equation (189) from which

= [(I—KH)-~]~ ~ (417)

where (from Equations (88), (91) and (120))

l_ K
T 

(l_K
T )T f 

(l_K
T) ~~~

i2

[(I-KH )~] = — K .~. l_ Kt If T f
_ K

t 4

2Tf
~
KTIf p-Ky 

2 
— 

(418)

the filtered error covariance matrix for the clock 1oop, P, is defined
as

p
1 

p
2 

p
4

P 2 P3 P5 (419 )

P4 P5 P6

and 
— 

—

P1 (2.) P2(~.) 
p
4(i)

p (&) 
2

(z ) p
3

( 9 W ) p
5

( 2 )  . (420)

~~~~(~~ ) ..5 (~ ) P6(~~

Note that while P (Equation (419)) is symmetric , ~ (9. ) (Equation (420)), in
general , is not. This is indicated by the underscore notation in Equation
(420) which permits retaining the original subscripts to avoid confusion ,
i.e. ,

~ 
5
p
1 (t), in general. (421)
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From Equations (418), (419) and (420) there results

= a11 P1 + a12 P2 + a13 P4 (422)

where the a1 - are el ements of the matrix

raii a12 a1~~

[a] a21 a22 a23 = [(I-~H)~]~ (423)

[_~3l a 32 a33_J

Un fortunately, the above equations are not convenient for calculation
since the matrix [(I—kH)~] is an explicit function of Tq (see Equation
(418)). It can be shown that the normalized error varian ce (Equation
(415)) is , in fact , independent of If; hence we desire an alternate
formulation in which this pseudo dependence upon If does no t a ppear. One
way to do this is to redefine the system state variables and the resul tant
functions in dimensionless (normalized) form ; i.e ., Equations (83)-(9l),
etc. are replaced by

1 (n+1) = - 1  Z~~) + r u(n) (424)

and

X ( )  = H 7(n) + 
~(n) (425)

where

i n  -

Z
~n) 

= fnTf (426)
•2

L nT f~~

H l ~~1= 0 1 1 (427)

L~~
0 P _i
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p1
~~T7

K’ = J ~~~ j 
(428 )LK4J

H’ = H = [ l  0 0] 
(429)

f I = ç =  

(430)

~(n) = 
~(n) (431)

and

U~~~) u (n) T~ . 

(432 )

In terms of this new set of dim ensi on less variable s 
~-ie can obta in

p
1 P2T1 P4 T~= U 11 ~~ + b12 ~2 + b13 

a 2 (433)
whe re the U . .  are elem ents of the di mens i onle ss  ma tr ix

Tb11 b12 b13~~
[ U]  b21 b22 U23 = [( I ~~ K 1 H ) ~~~1] ~~ (434 )

L~31 b32 b
33J

and

143

- 
-- --- — 

---. - -  - --



~I - -~~~~~~~~~~~ . I ” -~~ 

r~~
T ..

1 - KT1-K 1 
l _ K

T

T
[(I-K’H)~ ’ ] = -K~Tf l-K~T1 l —

~
--- 

(435)

2
2 .. 2 T f

~
KTTf ~

KTTf P K T ~~

Then from Equations (120) and (433)

____ 
2= U 11 ~T 

+ b12 
K~T f + U 13 K~T 1 . (436)

The normalized gains K-j- , K-~T1, an d K-çT~ appearing in Equations (435) and
(436) are directly obtained from the solution of the cloc I~ loop filter ,
Equations (120) to (129).

Curves of the normalized transmi t timing error variance for the
stationary satellite -moving terminal case versus the parameter r5 as
obtained from Equation (415) are given in Figures 45-48 for different
values of t r’ and a comparison of this solution with the approximate
solution (Equation (416)) is given in Fi gure 49. It is seen that the
approximation is good for hi gher values of ATf (lower man euver cor-
rela tion) and for l ower values of rs (lower measurem ent noise to maneuver
noise ratio) with some deterioration elsewhere . Over the range of
parameters invest igated (as s hown by the curves) the contribution from
the second term of Equation (4 15 ) was found to be at least an order of
magni tude less than that from the 1s t term and hence coul d generall y be
neg lected with little error. The third term , however , becomes significant
for hi gher values of r~ and/or lower ~ilues of /Tf. Both the second and
third terms alternate in sign thus producing the “ripp les evident in the
curves of Figures 46-49.

Examp le 5

Given the system parameters of Example 4 we have from Equation (385 )

2 2

—~~ 2 = .7778 (437)
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I

and from Equation (387)

r5 = 7.02 . 1O~~ (438)

Then from Fi gure 46 for the stationary satellite case (with 1r = 32)

= .00500 (439)

and using the parameters A = .1 (se c 1 ) and 1 r = 32:

= 50 .0 ms (subfr ame time) (440 )

and

= IrTf = 1 .60 sec (frame time). (441)

A similar solution using curves generated from the approximate expression
(Equation (416)) yields essentiall y the same rcsults as above (Tf=49.9 ms).

The effects of changes in the various parameters upon the solution
for the maximum subframe time Tf (to insure a timing jitter D

~~ r 
< the

specified value) are shown by the families of curves in Figures 50 to 55.
These were obtained by computer iteration converging to specified values
of normalized ranging loop timing jitter in a manner analogous to that
use d previously in the study of cloc k i oop timing jitter. As noted in
the a bove exam p les , the minimum usable subframe time is determined by the
requirement that the frame length TF = I

~-T~ must be greater than the
round trip path delay. The- l imiting value TF = 0.3 sec (applicable to a
synchronous satellite transponder - with some safety factor) is also shown
in these figures. Usable values of Tf/Es for system desi gn then lie below
the app li ca b le curve of each fami ly, and above this minimum value.

As an exam ple , for a system with parame ters as gi ven i n Fig ure 50,
wi th aer < .O5~ (for no signific ant increas? in error rate) we could
choose If7~ = 3.75 . l O~ (the minimum value) and thus accommodate termi nal
accelerations considerably greater than log . However , if we desire to
l imit the maximum error standard deviation ci

~ r to .0425~ in order to obtain
an improved error rate (other parameters remaining unchan ged), then the
maximum perm i ssi b le term i nal accel era ti on w i l l  be a bou t 2g. Note that
this l ower limit (I rTf = 0.3 sec) does not apply to airborne rel ay systems

L 

or other similar applications where the propagation delay is short. In
such cas es , much shorter frame lengths could be used , if desired , to
permi t hi gher values  of term i nal acc ele ra tio n a n d/or l ower error ra tes , or
to compensate for desired changes in other system parameters. As is
evident from these figures the path length delay limi tation (Tq .3 sec )
is generally not of great si gnificance over the range of values studied
for case of the stationary satellite relay .
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2. Stationary terminal , maneuverin ~j sa te l l i t e

We will again consider essentially the “wors t case ” condition
analogous to that used in the previ ous analyses by choosing

N0 = Nd = NF l  ( 442)

wher e N E

Also let

~‘a 
Tf + T0 

<< (443 )

Then , with appropriate change of notation as used in the previous section ,
the normalized rang ing loop timing error variance (from Equation (342))
can be wr itt en as

2 2 2 2 2
a - a a - a ~~~~~ (N ) 2 R~ ~- (N )C rt ~r = 

C r ~r + 
q1~ -

~~ 
— 

q 1p £ rn (444)2 2 2 2
3 o r

c

w here the su bscr ipt t deno tes the s ta t ionar y term i nal case .

The 1st term on the rig ht hand side of Equat ion (444) is simply the
normalized timing error variance previously obtained for the case of the
stationary satellite (Equation (415)), while the remaining terms are
obtained from Equations (336) and (345), respectively (utilizing
Equations (442) and (443) as:

2 (N ~ 2 1 -2q 1~~~o = 4(l-~ ~~2 1 -1) S2( I r~l) 
- 2 

k~0 
S (k)[S( I r~

l)
~
S (k)

~~

Rf(0)T~ 21 r
_2 R~(Q.)T~

+ C2 C 
+ 2 

~~l 
(2Ir~~~~

~
Ir

_2 R
~f~
(
~

)T
~

+ c C 

2 lS (l r~
l)(2I -l-~ )-F5(~ )]~ (445)

aI—
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F

and

-2 ~~~ 
‘
~~ 

(N ) 21 -2 R~ (~ )T 2
q c 0 0  r C u f1_p rn — ~~ 

cn
2 

— p~~r
’1 
~ 2

C c

[
~ ~~~~~ ~ u (1r )T

~l
+ ~ s~(~)1~!~2 - 

cn 

~~ _j
:~: (i)T~ ‘r R~ —,~ (~ )T~

c n e  2 e c n

~~
[
~
1

i~~ i o~~ 
- 

~=l

21 r~ 
R~f

- 
e cri (446)

~c

where

C E 
(l÷P)(1~P

r ) (447)

40

r~~ —~ - (448)
-O T f

and S~(k) and F5(2~) are as previo usly defined by Equations (316) and
(339), respectively.
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _

To evaluat e Equations (445) and (446) we need expressions i e r - the
correlation functions R~ ( i) ,  R~ ( k ) ,  R-~ ( k ) ,  R~ ~ ( k ) ,  and

- -~ C ~u ~~~ CFrom the defining equations (Equations (337), (338), ( i 4 u ) ,
(3~7), and (348)) and Equa tions (189)-(191 ) we n~ta i n :

C 
(449)

(450)

R
~cn

u(~
) = °aT~~ (451)

R~ T (
~~) = P4 (k) (452)cn C

and

(~~) = P4 (c )  (453)
C cn —

where G8T(i) and o
a~~

( k )  were previously defined by Equation (192) and
the P 1 (~-) were def ined by Equation (420).

Fi nally, us ing me thods  a n a l o g o u s  to those of the p rev i ous sect i onthe re results

R~ (~-)T~ P T 2 P.T3 P T 4C _ 4 f  S f  b f
2 

‘4
3~ ~~~ 

+ 
~32 2 + ‘433 2

C C ~C C

2 2R~ u(~~
T
~ 

b33(~-) (1- . - ) , ~
- -‘ 1

2 = (455)
0 < 0
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-

4 2
R- . u(~~

T
~ ~-l3~~ 

(l-p 2) 2 1
- 

cn = (456)

0 ,

~ (~ )T~ ~ T2 
~ T 3 P T4

— 
cn E = b11 —

~4 + b12 + b 13 —
~4 (457)

and

Ry ( k ) T ~ 
~~ cn 

- = b31 ~~~ + b
32 ~~~~ + b

33 ~~~~ (458)
3

C ‘C C

where the b i~ are as defined in Equati on (434), the b~j are defined as the
corresponding elements of the dimensionless matrix

~~~~~~~12~~~~~~

~-2l ~22 ~23~ 
= [ ( I - K ’ H ) ~~’] ~~ . (459 )

[~~ l -~-32 

~~
The normalized clock loop filtered error covariance terns are obtained
from Equations (120)-(129), (160)-(165), an d (448) as

A= KT = 
~~~~~ (460)

—~ - =  K.f.If 
= T~ ~~~~~ (461)

— C
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~~~~~~~~~~~~~~ T~~

P T 2 2 2

P T 3 25 f i 4 ,  r BD
~~~~~~~~ 

= PL —

and C

~~T 4 2 2r 6 f — ,4P~~ rr D 1
- L~ 

- +
O r

“ C

where A , B , and D are given by Equations (l24)- (126) and , v i a Equa tions
(101 ), (100) and (97),

2
F =  -

~~~
—-—-

~~
- -

~
-

~~~
- (466)

1—p

- 
F+1 pBD 4 7E - - ( 1-p)( 1+A ) 6

and

C = 
~~

- (
~~~~ 

- 0) + ~~
- (3E-F-l ) . (468)

Curves of the nqrmal i ze d transmi t ti m i n g error var i ance for the
stationary-terminal maneuverin g—sa tellite case versus the parameter r5
as obtained from Equation (444) are given in Figures 56 and 57 for value s
of ‘r equal to 32 and 64 su bframes /fra rn e , respectively. The 1st term of
the variance expression (Equation (444)) is dominant throughout most of
the range of the curves. The second term is dominant , howeve r , for small
va l ues of r 5, but decreas es ra pid ly w it h increasin g r5 thus producing— the “breaks ” in slope of the curves which are evident for larger values
of ATf. The third term is of alternating sign thus contributing to the
ripples evident in these curves for l ower values of r5. This term also
decreases wi th increasing r

~ becoming generally neg ligible for rs > .01.
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The ripple for higher values of r5 is present in the first term (see
Equation (415) and the associated discussion of sub-section 1. above).

A comparison between this soluti on for the ranging loop timing error
var iance (stationary terminal ) and the approximate solution (from
Equation ( 2 2 9 ) )  is given in Figure 58. On the average , the approximate
solut ion agrees well wi th the more exact solution but the differences
may be significant for typical values of system parameters (see Example 6
below). The a pp rox imation shoul d be adequate for p relim i nary sys tem
des i gn , however , an d offers a cons i dera b le reduct i on i n computat ion ti m c ,
par ti cu la r l y for lar ge values of 1r~
Exam p le 6

Using the system parameters of the previ ous example

2 2
-3 —0~~

rt r = .777 8 69

and

= 7. 02 . 10~~~ (470)

-From Fi gure 56 (for 1r’~32) we obtain

~Tf = .00124 . (471)

Then

Tf = .00~~4 = 12 .4 ms (472)

and

IrT f = 0.397 sec (473)

System parameters for this example are compared to those obtained
for Exam p les 4 an d 5 i n Table 3.

E ffec ts of chan ges i n param eters u pon the max i mum usa b le su bframe
time for the case of a stationary — terminal maneuvering -satellite relay
are show n by th e fam i l i e s  of curves , Figures 59 to 64. These curves were
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obtained via an i t e r a t i o n  techni que using [qua tion (444). As for the
analogous cu rves  (Fi gures 50 to 55) of the previous section (stationary—
satellite maneuveri ng—termi nal ) the max iwuw usab le subfrarne time is given
by the  appropr i a te cur ve of each fa r~~ly wh i l e  the l ower limit is set by
the round trip path delay (

~ 0.3 sec , for a synchronous sa te l l i te ) .

It is evident from these  ficiures that the ma x ft~uic usable subframe
time for the maneuver i ng satellite case is considerably less than that
for the corres ponding case of the stationary satellite (as would be
expected). Hence , since the lower bound (TF ~ .3 sec) remains fixed , the
range of parar:eters within the permissible operating range is corres-
ponding ly reduced . For example , from Figure 59, if the m ini ii ui i permissible
value for the subframe tiwe (Tf/~ ~ 3.75-l0~) is chosen , then a maximum
satellite relay acce lerat ion of approximately 2g. can be accommodated in
order to maintain a < •05t~, as compared to considerably more than lO g.S- rt —

terminal acceleration for the corresponding case wi th a stationar y
satellite .

As noted in the previous section the lower bound on subframe time is
not applicable for essentiall y earth-bound relays where propagation delay
becomes negli gible . A l s o, as noted previousl y, the degradation in per-
formance for the case of the maneuvering satellite relative to that of
the stationary satellite arises because changes in satellite motion are
not known at the terminal (where timing measurements and corrections are
made) until after the (one-way) propagation delay . Hence , for an airborne
relay where propagation delay is negligible , app licable system parameters
mus t approach those of the previous section (i .e., the stationary
satellite case) regardless of whether the teri~iina l or the relay (or both)
are maneuvering. Thus , for an atmosp heric airborne relay , considerabl y
greater mane uverability is per oissible than for a satellite relay while
maintai n ing the same transmi t timing error variance. This is - - -deed
fortunate since in the forseeab le future airborne relays aopea r ouch
more likel y to be hi ghl y maneuverable than do satellites.
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S E C T I O N  V I I
SIMULATION STUDIES

This section presents typical examples of results obtained from
the simulation studies performed to investi gate the cloc k loop transient
response and the filter performance under conditi ons of no terminal
nx t ion (zero X — vector )  to check the validity of the Kalman filter model .

A. Transient Response

The transient response of the clock loop filter derived in Example
1 of Section IV is given in Fiqures 65 and 66. The parameters for this
filter were given previously in Table 2. At time tmO (0 iterations),
when the filter is first turned on , there is a 1/2 chip delay in the
system clock waveform . The fi l ter , starting from zero delay, proceeds to
acquire the delay as shown in Figure 65a . Measure ment noise (ar= .O5~) isincluded in the response shown in this figure , hence this curve ’represents
the actual transient performance of the filter , at each iteration (i .e.,
following the processing of each data sample ), for parameters as specified
in table 2. Figure 65b shows the filter response for the same situation
except the actual measurement noise has been reduced to zero so that
the f i l ter ’ s transient response is more readily seen . Figure 66 illustrates
a similar situation except that in this case the Kaiman gain s have
reached steady state prior to the introduction of a 1/2 chip offset
in de l ay. (This is equivalent to replacing the Kalman fi l ter of the
above example by the corresponding ~-)iener filter .) The in itial response
to the offset is seen to be somewhat slowe r, but the over-shoot is also
somewhat less , result ing in a tota l effective settling time not much
different from that of the previous example . Hence , for this system
there appears to be little advantage in emp loying a Kalm an filter . The
simpler Wiener filter would perfori;i nearly as well.

An exampl e for which the Kalman fi l ter with var iable gains may
have a definite advantage over the fixed gain Wiener filter is shown ,
wi th and without measurement noise , in Figures 67 and 68. Parameters
for this filter (which approximate the parameters of the present modems
operating in the l ower rate forriat [6], but with greatly increased
measurement noise) are given in Table 4. In th i s case , the settling
time for the Ka l man filter (Fi gure 67) is considerably shorter than for
the Wiener f i l ter (Figure 68) . However , the  overshoo t is somewhat
greater and the effects of noise spikes just after turn on (when the
Ka l man gain is high) are very severe , which could cause problems with
lock-up. Note , However , that the measurement noise variance used for
this example is much greater than would normally be used in a practical
system , therefore the effects of noise spikes in a practical system would
be si gnificantly smaller - . If violent maneuvers (or sudden offsets in
the clock osci~ lators) are expected during normal operation , then some
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Figure 65. Transient response of the Ka l man filter of Examp le 1 .
(a) Wi th noise (b) No measurement noise
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Figure 66. Transient response of the Kalman filter of Example 1 wi th
fixed steady state (Wiener Filter ) gains.
(a) With no ise (b) No measurement noise
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Figure 67. Trans i en t res ponse of the Kalman f i l t e r  specif i ed i n Ta b l e 4.
(a) W ith noise (b) No measurement noise
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Figure  68. Transient response of the Kalma n filter specified in Table 4
with fixed steady state (Wi ener Filter) gains .

(a) With noise (b) No measurement noise
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Table 4

F i l ter Paramete rs for the Res ponse Curves of F ig ur es 67 an d 68.

Code Rate (l/t) 140 1Kbps

Max Timing Error Std. Dev. (~ i )
1
~
’2 .056L1

Measuremen t No i se Std. 0ev. (o~~ ) .5A
Max . Terminal Acceleration (A) 5 g.

Maneuver Rate (A) .2 maneuvers/sec .

Subframe Time (i~) .0267 sec.

ElM0 2.9 dB

2o x
r = —s----- 4.80

~

KT (steady state range gain) .013

K
~t 
(steady state veloci ty gain) 2.97 .

K~ (steady state acceleration gain) 2.52 . lO~~

means c~f re -in itializing the filter gains at those times must be i ncor-
porated ; otherw i se , an y a dvanta ges of the Kalman f i lte r over the stea dy
state (Wiener) fi l ter will be lost after initial system turn—on .

B . Stea dy Sta te Zero Mot ion Re~ponse

Consider a Kalman filter which has been uniquel y determined by
specifying the process and measurement models according to Equations
(4)  and (5) of Section III , i.e.,

= ~ Z~ ÷ r u~ (474)

X~ = H Z + ~ . (475)

T he Kalman pred ictor al gor it hm uses ~~, r , H , and the var i ances o 
2 and

~u
2 to obtain a prediction of the state Z via the equation

~n+i n ~~~ -n~~~ri H
~~n
] (476)

w here 
~~~~ 

is the prediction gain vector (~~ ~K(n) of Section III). At
the n1-l stage , the error in the prediction is given by
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~n+l 
= Z~~l 

- 

~n+l ~477)

Upon subst ituting Equations (297) and (299) into (300), one ob ta i ns

~n+l ~ 
Zn + r u - - ~~[X~~H~~] (478)

Un der the cons tra i n t of zero mo tion , Equations (300) and (301) reduce
to

- 

~n+l 
(479)

~n+l 
- ( .- -3~ H) 

~n 
- 

~-n ~n 
(480)

The es ti ma ti on error var i anc e unde r thi s const ra in t i s gi ven by

~n+l 
E [Z~~1

.Z~~1 ] = (~-j~ H ) ~~(~ _
~~H) T + K a~

2 ~ (481)

s i nce the measuremen t no i se at the nth sample is uncorrelated wi th the
estimate at the 0th sample (Equati ons (475) and (476)). If a steady-
state exists ,(as ~tc d2es for the models of interest here), -then in the
steady-state P~~-1 =P~= P and ~~÷~=j~ =K , so Equation (481) becomes

= (~~KH) ~ (~_KH)T + K 2 KT ( 482 )

Equation (482) is linear in and can easily be solved by a computer .
Fi gure 69 shows the var iat ion i n the norma l i zed stan dar d devia t i on of
the predi ct i on error \I~/o g, as a funct ion of the parame ter rs =
for various ATf. The solid lines are general Kalman filter results
(no constraints) as obtained in Section IV , and gi ven here for com-
par i son , wh i le the dot ted l i nes are th e solut ions un der the zero mot i on
constra i n t. No te tha t the error stan dar d dev i ation i s reduced un der the
zero motion constraint as stated previously, a l t hou gh the f i l ter  i s no
longer optimum for this condition.

The results of Fi gure 69, for zero motion constraints , we re
verified by a computer si mula ti on i n which  the fi l t e r  is gi ven a noise
in put and the error va~ i an ce i s observed. ~~, r , H, and the prior
sta ti stics ~~~ and ci were soecified and the filter was iterated with
no i n put un t il stea dy ustate was achieved. After steady state was
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achieved , the filter was given an input of Gaussian noise with variance
~~ and iterated for an additional 10 ,000 i terations . A runn i ng sum of
t~e squared prediction error was kept and after the 10 ,000 iterations
the sum was divided by 10 ,000 to yield the error variance .

Fi gure 70 shows ‘f~~~~/o ,~ 
as a funct ion of r5 for various ATf. For

reference purposes the solid lines show the calculated results while the
s imula ti on results are shown by the p lo tted points. In genera l , there
is close agr eement be tween the theore ti ca l an d the s imula te d resul ts.
Th e d i fferences occur for lar ge values  of r5 an d for small  va lues  of
AT f. Thi s combination of parameters yields a filter with relatively
slow res ponse. Hence , simulations si gn i f i cantl y lon ger than 1 0,000
it erat i ons may be requ i re d to achieve closer agreemen t w i th theory in
these cases .
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SECTION V I I I
C ONC LU S IONS

Optimum linear recursive (Kalman) filte l technique s have been
applied to the problem of system synchroniza - ion for a bit synchronous
TDMA satellite or airborne relay communications system employ ing two
samp led data delay lock loops at each terminal to establish rece i ve clock
and transmit tim ing relative to a system clock at the satellite .

A system containing a Kalman filter in the receive clock loop with
onen loop coupling to a ranging 1oop containing a simple averag ing filter
WaS analyzed . It was shown tha t sufficient timing accuracy should be
achievable to permit reliable operation at a code chip rate of 40 Mbit/s
or greater for systems containing highly maneuverable terminals and/or
relays . For the case of a maneuvering satellite relay with stationary
terminals , satellite accelerations up to about 2 g. could be accomodated;
while for a stationary satellite and maneuvering terminals , and also for
the case of an airborne relay (where propagation delay effects on
determination of relay motion at the terminals are negligible), acceler-
ations greater than 10 g. shoul d be poss ib le. Considerably higher code
rates an d termi nal maneuverability (for given system parameters ) could be
accommodated for down-link synchronization only.

Some improvements in up—link s~’nchronizat ion , particularly with
regard to mean ti mi ng error , oscillator stability requirements , and
lock—u p capability , may be achievable by employing an optimum fi l ter
in the rang ing loop also , a subject recommended for further study if
higher code rates and greater maneuverability are desired . The tracking
capability of the rang ing loop, howeve r, is limited by the round trip
propagation delay and hence in the case of a synchronous satellite
relay a major portion of the tracking capability would still need to be
provided by open loop coupling from the clock 1oop so tha t up-link
timing accuracy must always be somewhat less tha n the clock loop timing
accuracy.

The analyses performed include development of a two— dimensional
and a three—dimensional (augmented) Kalnan fi l ter model for use in the
clock loop, and for the latter model a closed form steady state
solu ti on was der i v ed whi ch to our knowled ge has not perviously been
obtained . Steady state and transient solutions for these models were
computed for a variety of system parameters and are presented , together
wi th typical examples and design curves , in a form particularly applicable
to system design .

Si m u l a tion stud i es were also perf orme d to f u r t h e r  inves t i ga te
transient response , to compare the performance of the variable gain
Kalm an filter to that of the fixed gain Wiener filter , and to verify
the models and the analytical resul ts obtained . Simulation results were
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in good agreement with analytical resul ts in all cases , and it was found
that for high data rate systems of this type , the fixed gain Wiener filter
often performs nearl y as well as the variable gain Kalmari filter . There
may be significant differences in lock-up capability however , and this
is the subject of current investigati on.

Recommendations for future work in this area include design , bread-
boarding, and testing of critical parts of the proposed TDMA timing
sys tem, particularly the clock loop Kalman filter; followed by eventua l
construction and testing of a complete timing system including both tile
clock loop and rang ing loop. (An incrementa l time base shifter appli-
cable to this system for local clock timing correcti ons is currently
being developed under this contract.) Current theoretical studies
involving lock-up characteristics and transient response should be
continue d an d an i nvest i gation of the possible advantages (primarily in
lock-up and transient response) of incorporating an optimum filter in
the ran ging 1oop is also suggested.
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